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Q . Abstract 

, For the Hubbard model on the two-dimensional copper-oxide lattice, equal-time 

four-point correlation functions at positive temperature are proved to decay 
exponentially in the thermodynamic limit if the magnitude of the on-site in- 
teractions is smaller than some power of temperature. This result especially 
implies that the equal-time correlation functions for singlet Cooper pairs of var- 
ious symmetries decay exponentially in the distance between the Cooper pairs 
in high temperatures or in low-temperature weak-coupling regimes. The proof 
is based on a multi-scale integration over the Matsubara frequency. 
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^ 1 Introduction 

^ ■ 1.1 Introductory remarks 

. In order to explain high-temperature superconductivity in ceramic copper oxide ma- 

^ ! terials, several tight-binding models for the charge carriers in 2 dimensional plane 

have been proposed with the consensus that the superconducting pairing mechanism 
should be understood by focusing on the conducting Cu02 plane first. In the hierar- 
^ ■ chy of the well-known 2D models (see, e.g, [T]) the three-band Hubbard model on the 

^ • copper-oxide lattice ([2]), or the CuO Hubbard model in short, is believed to be the 

- ■ ■ closest to the reality since it explicitly distinguishes one relevant electron orbital of the 

copper and those of the oxygens surrounding the copper in the unit cell. Being more 
realistic also means being more complex. Rigorous mathematical methods need to be 
developed to explore the relatively involved structure of the CuO Hubbard model in 
depth. 

In this paper we prove that equal-time 4-point correlation functions in the CuO 
Hubbard model at positive temperature decay exponentially in the thermodynamic 
limit if the coupling constants on both the copper and the oxygen sites are smaller 
than some power of temperature. The result will be fully stated in Subsection II. 3[ 
One direct consequence of this theorem is the exponential decay of pairing-pairing cor- 
relation functions in the distance between the center of 2 electrons and that of 2 holes, 
excluding long range correlations between singlet Cooper pairs in high temperatures 
or in low-temperature weak-coupling regimes. 
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It has been proved in that finite-temperature equal-time correlation functions 
for many-electron models, including the Hubbard model as one instance, on the hyper- 
cubic lattice of arbitrary dimension decay exponentially if the interaction is smaller 
than some power of temperature. The proof of [7] essentially uses the volume-, 
temperature-independent determinant bound on the covariance matrix established by 
Pedra and Salmhofer ([9]). The exponential decay of the correlation functions in the 
CuO Hubbard model cannot be deduced as an immediate corollary of the theorems in 
[7], since Pedra-Salmhofer's determinant bound in its original form jSJ Theorem 2.4] 
does not apply to the covariance for multi-band many-Fermion models such as the 
CuO Hubbard model. Thus one has to alter the way to achieve the goal. As a way out 
we expand the covariance over the Matsubara frequency through the Fourier trans- 
form this time and try to control the correlation function analytically by means of a 
multi-scale expansion along the strips of the large Matsubara frequency. The disper- 
sion relation for the free particle hopping to the nearest neighbor sites on the CuO 
lattice can be a square root of cosine of the momentum variable, which is, unlike in 
the single-band models treated in [6], [7], non-analytic. Once transformed into the 
Matsubara sum, however, the covariance appears to contain only the square of the 
dispersion relation. Thus the covariance in the Matsubara sum representation explic- 
itly shows its analytic property with respect to the momentum variable. As in [7| 
the analyticity of the covariance enables us to reformulate the correlation function 
multiplied by the distance between the electrons and the holes into a multi-contour 
integral of the correlation function with respect to new complex variables inserted in 
the covariance. The practical role of the multi-scale integration over the Matsubara 
frequency in this paper is to establish a volume-independent upper bound on the per- 
turbed correlation function inside the multi-contour integral. Due to a self-contained 
nature of the multi-scale Matsubara expansion, the proofs in this paper merely rely on 
the repeated use of the tree formula for logarithm of the Grassmann Gaussian integral. 

More precisely speaking, the correlation function of our original interest is expressed 
as a well-defined finite dimensional Grassmann integral during the intermediate techni- 
cal construction. In the major part of this paper we deal with the Grassmann integral 
formulation, which is fiexible to mathematical manipulations, as the rigorous counter- 
part of the correlation function. This is the same stance as taken in [6], [7], or more 
generally in the constructive Fermionic quantum field theory (see, e.g, [5]). Finally by 
sending the finite dimensional formulation to the limit we withdraw the conclusion on 
the original correlation function defined by trace operations over the Fermionic Fock 
space. 

Though this paper involves a multi-scale analysis concerning the Matsubara sum as 
the main technical ingredient, it does not treat any infrared multi-scale analysis around 
zero points of the dispersion relation. Accordingly this paper has no improvement on 
the temperature dependency of the allowed magnitude of the interaction over the 
single-scale analysis [6], [7] and cannot study the behavior of correlation functions at 
zero temperature. In recent years infrared multi-scale integration techniques have been 
intensively applied to describe the zero-temperature limit of thermal expectation val- 
ues of various observables in the Hubbard model on the honeycomb lattice by Giuliani 
and Mastropietro ([4j) and by Giuliani, Mastropietro and Porta ([5]). In connection 
with this article we should remark that the many-electron model of graphene studied 
in [1], [5] also has a matrix- valued kinetic energy, so the single-scale analysis previ- 
ously reported in [7] does not prove the exponential decay of the finite-temperature 
correlation functions in the system. However, it is straightforward to adapt the proofs 
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Figure 1: The CuO lattice for L = 2, where '•' denotes Cu sites, 'o' denotes O sites 
and 'o' denotes the other O sites. 
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Figure 2: Labehng each site. 

in this article to conclude the same result for the Hubbard model on the honeycomb 
lattice as claimed for the CuO Hubbard model. 

This paper is outlined as follows. In the following subsections we define the CuO 
Hubbard model and state the main result of this paper. In Section [2] we characterize 
the correlation function as a limit of the finite dimensional Grassmann integral and 
derive the contour integral formulation. In Section [3] we prepare some necessary tools 
for the multi-scale integration such as the cut-off function and the sliced covariances. 
In Section H] we carry out the multi-scale integration over the Matsubara frequency 
and prove the main theorem. In Appendix |X] we derive the covariance governed by the 
free Hamiltonian on the CuO lattice. Appendix [B] provides a sketch of how to prove 
the convergence property of the Grassmann integral formulation. In Appendix O we 
prove a general formula for logarithm of Grassmann polynomials, which is necessary 
for the multi-scale integration. Finally Appendix [D] shows that the correlation function 
converges to a finite value in the thermodynamic limit if the coupling constants obey 
the smallness condition under which the multi-scale analysis is performed. 

1.2 The Hubbard model on the CuO lattice 

Here we define the model Hamiltonian operator. For L G N let F := (Z/LZ)^. The 
CuO lattice consists of 3 separate lattices, each of which is isomorphic to F (see Figure 
[T]). For X G F let (l,x) represent a Cu site, (2,x) represent the O site right to (l,x), 
and (3,x) denote the O site above (l,x) (see Figure [2]). The CuO lattice is viewed 
as the union of {(p, x) | x G F} (p = 1,2,3). The model Hamiltonian is defined as a 
self-adjoint operator on the Fermionic Fock space F/-(L^({1, 2, 3} x F x {t, i}))- See, 
e.g, P, Appendix A] for a brief description of the Fermionic Fock space defined on a 
finite lattice. The CuO Hubbard model was originally designed to govern the total 
energy of holes moving and interacting on the Cu02 plane (see |2]). Thus the vacuum 
of F/(L^({1, 2, 3} X F X {'I', I})) should be interpreted as the state where every site of 
{1, 2, 3} X F is occupied by an electron-pair. 

For (p, X, cr) G {1,2,3} x F x {t, i} let ^/'pxo- be the annihilation operator defined 
on Ff{L'^{{l, 2, 3} X F X {f , l})). The physical role of V'pxo- is to annihilate a hole with 
spin cr at the site (p, x). We write the adjoint operator of ■j/'pxo- as ip*. The operator 
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is called the creation operator and physically considered to be creating a hole 
with spin cr at the site (p, x). The CuO Hubbard model H is defined as follows. 

(x,(T)6rx{t,4.} 

+ XI <V'rxa'01xa+ XI ^V'pxaV'pxa, 

(x,(7) er X {t,4.} (p,x,o-)e{2,3} x r x {t,4.} 

V :^UcY^ V'txt^'lV'^l'^i'^lxt + Uo Yl V'pxtV'px^V'px^V'pxt, 

xer (p,x)e{2,3}xr 

where ei := (1,0), e2 := (0,1) G and the terminology "Hermitian conjugate" is 
shortened to "h.c" , meaning that the adjoint operators of the operators in front are 
placed. The parameters t, Uc, Ug, e", [a G {t;4-}) f'l'c initially set to be real. 
The parameter t is the hopping amplitude between a Cu site and the neighboring O 
sites. The parameters and represent the on-site energy minus the hole chem- 
ical potential for the Cu sites and the O sites, respectively. We assume that the 
quadratic Hamiltonian Hq may contain the contribution from the magnetic field such 
as K Exer '^I'x + ho E(p,x)e{2,3}xr -^p.x with /i„ K G M, 5";,, := \{%^^i^p^^ - i^*^:^i^p^i) 
{p G {l,2,3},x G r). This is the reason why and are defined to be spin- 
dependent. The strength of the on-site interaction is expressed by Uc on the Cu sites 
and by Uo on the O sites. 

Let ^ > denote the inverse of temperature times the Boltzmann constant. The 
thermal expectation value of an observable O is defined as Tr(e^'^^O)/ Tre~'^^, where 
the trace is taken over the Fock space F/(L^({1, 2, 3} x F x {t^J-}))- Fo^^ conciseness 
we write (O)^ in place of Tr(e~'^^0)/ Txe~^^ . 



1.3 Exponential decay property of the correlation functions 

Let II • ||m2 denote the Euclidean norm of and e(^ 2.71828) be the base of the natural 
logarithms. This paper is devoted to establish the following theorem. 

Theorem 1.1. There exist non-decreasing positive functions fi{-), /2(-) : IR>i — >■ R>o 
such that if 

m,\Uo\ < j^(niax,e{t4}{lJ^Ue?Ue?l})max{l,^i6}^' ^^'^^ 
limi-^^ (^^1X10-1 V'^2X2a2^'?2y2f2V'riiyifi + h.c)]^ exists and satisfies that 
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<fj max {1, |t|, |e^|, |6^|}) max{l,/3i6} 

1 \ -^IIEj=i(s(^3)xj-s{-ri)yj)||,2 

1 ' (1-2) 



max{l, t^} max{/3, /^^j 



for any (p^, x^, <Tj), (%, y^-, f,) G {1,2,3} x x {t,;} (j = 1,2), i,e^,e^ G E (a G 
/3 e R>o and any map s(-) : {t,i} ^ {1,-1}- 
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Remark 1.2. The correlation function (V'^^x^5-jV'^2X2a-2'^ji2y2f2V'^iyin + defined 
for xi, yi) y2 € by considering xi, X2, Yi, y2 as the corresponding sites in T by 
periodicity. 

Remark 1.3. As a result of our proof, the growth rates of /2(') are estimated 

as = 0{x*^), f2{x) = 0{x^^) (x — )■ oo). However, since it is not the main aim of 
our analysis, these orders are not quantitatively optimized. 

Remark 1.4. The theorem provides decay bounds on the thermodynamic limit of 
the correlation functions for singlet Cooper pairs. For instance let us define the s- 
wave pairing operator As{p,:x.), the extended s-wave pairing operator As*(p, x) and 
the dx2_y2-waM'e pairing operator Arf^2_^2(p, x) as follows. For (p, x) G {1,2,3} x F, 

As(p,x) := ^pxiV'pxt, 

A^.(p,x) := ^(V^p(x+eiH^pxt + ^p(x-eiH^pxt + ^p(x+e2)4,V'pxt + ^p{x-e2);V'pxt) , 
^d^2_y2 (P> X) := ^(^p(x+ei)iV^pxt + ^/'p(x-ei);^/'pxt " ^/'p(x+e2H^pxt " ^/'p(x-e2)iV^pxt) • 

If the map s(-) : {t^i} {1, —1} is identically 1, the theorem shows that 
I limi^oo.LGN (Aa(p, x)*Aa(57,y)+h.c)^| decays exponentially with ||x-y||]R2 for p,fi e 
{1,2,3}, a = s,s*,dx2_y2. If we take s(-) to obey s(t) = — on the other hand, 
the theorem also implies exponential decay of spin-spin correlation functions of the 
form limi^oo,LeN (Sls^S^^ + with ||x - yHua, where the spin operators S^^^, 

are defined by S^^ := KV'^xf^'px; + V^^x^^pxt), 'S'^.x ■= iH^^^i^P^i + #;x;^pxt) 
((p,x)G {1,2,3} xF). 

Remark 1.5. The coupling constants Uc, Uo satisfying (11. ip can be taken arbitrarily 
large as /3 \ 0. This means that the theorem generally proves exponential decay of 
the correlation functions in high temperatures. 

Remark 1.6. Consider the case that = — ^f/c and = —^Uo (Vcr g {t, 4}). The 
Hamiltonian H becomes invariant under the transform ■^/'ixo- — > V'lxo-) "^ixo- ~^ V'lxo-; 
V'pxa i'Ua "V'pxa (p G {2,3},(x,o-) G F X {t,i})- Thls iuvarlauce 

implies that l = i C^(P)^)^) ^ {1)2,3} x F x {t, i}) and thus the system 

is half- filled. According to our construction, /i(l) > 1. If /3 > 1, the constraint (11. ip 
implies \Uc\, \Uo\ < 1. Therefore, we can claim the theorem for /3 > 1 by eliminating 
^c'^o ("^ ^ {t)i}) ill the right-hand sides of (II. ip and (11.21) . On the other hand, for 
arbitrarily large \Uc\, \Uo\ there exists (3 < 1 such that (II. ip holds. Thus, the theorem 
concludes the exponential decay of correlation functions with the strong couplings if 
the temperature is high enough. 

Remark 1.7. A power-law decay property of equal-time 4-point correlation functions 
can be proved by exactly following the argument of [8] . One result is that 

limsup |(^/';^i^^^/';2xa2^'?2yf2^^)iyn + ^-c) l\ < 2||x - yW^f^'^K 

L — ^oo 

for any x, y G with sufficiently large ||x — y\\u2, (p^, aj), {fjj, fj) G {1, 2, 3} x {f , 1} 
{j = 1,2) and (3 G M>o, where c > is a constant, the function /(■) : ]R>o — )■ M>o 
is decreasing and asymptotically behaves as f{(3) = 0{(3~^) {(3 — > oo), 0(|log^|) 
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(/3 \ 0). An advantage of the framework [8], apart from its conciseness, is that it 
requires no constraint on the magnitude of the interactions. However, it has not been 
apphed to prove exponential decay of correlations in 2D many-electron systems, to the 
author's knowledge. 

2 Formulation 

In this section we formulate the correlation function by using the notion of Grassmann 
integral and show that the Grassmann integral representation of the correlation func- 
tion multiplied by the distance between the holes and the electrons is transformed into 
a contour integral of the Grassmann integral. This procedure is essentially the same 
as we did in |6], [7]. In order to avoid unnecessary repetition we present the proofs at 
a minimum. 

Let us introduce notations which are used throughout the paper. For simplicity 
set Emax '■= i^ciXo.g{|,4.}{l, |e^|, |eo|}. The sites on which the 4-point correlation 
function is defined are fixed to be (pi,xi, cti), (p2, X2, 0-2), {fii,yi,fi), {7)2,^2,^) e 
{l,2,3}xZ^x{|,|}. We simply write Xj , (j = 1 , 2) instead of {pj , Xj ,crj), {fjj , , fj ) 
(j = 1,2), respectively. We also fix a map s(-) : {t)i} — ^ Let us accept 

that a site of 7? is identified as the corresponding site of F whenever we consider a 
problem in F. For x = (xi, X2, ■ ■ ■ , y = (yi, 1/2, •■ ■ , ?/„) G C", (x, y) := ^jVj^ 
(x, y)j.„ := J2]j=i^jyj ||x||c" := \/ (x, x)^„. For x G M, [x\ denotes the largest 
integer which does not exceed x. Let Ip := 1 if the proposition P is true, Ip := 
otherwise. For any subset (9 of a topological space let denote the interior of O. 
Let S„ be the set of all permutations over {1, 2, ■ ■ ■ ,n} (n G N). It will be convenient 
to use the function J^t,p{-) : M — ?■ M defined by 

_ 1 . I / XTT^ \ 

J'tA^) ■■= 2 smh (^8^ax{l,t2}max{/3,/32} ) ' 

Here recall that sinh~^(x) = log(a; -|- a/xM-T). 

The correlation function will be formulated as a limit of Grassmann integration 
over a finite dimensional Grassmann algebra. The reduction to the finite dimensional 
problem is done by discretizing the integrals over the interval [0, /3) in the perturbative 
expansion of the partition function. For this purpose, take a parameter h G 2N//3 and 
set [0, 13)h := {0, l/h, 2/h, ■ ■ ■ , /3 - l/h}, := -(5 + l/h, ■ ■ ■ , -l/h} U 

[0, Note that tt[0,/3)h = i[-P/P)h = 2/3/i. We have seen in Appendix C] 
that taking the parameter h from 2N//9 rather than from N//3 is convenient for the 
discretization of [0,/3) and Set lL,h ■= {1,2,3} x F x {t,;} x [0,f3)h and 

NL,h '■= ^lL,h = QL'^Ph. We define the lattice of the momentum variable F* and the 
subset of the Matsubara frequency Mh by F* := (^Z/(27rZ))2 and Mh ■= {(^ G 
7r(2Z + l)//3 I \cu\ < nh}. 

2.1 The Grassmann Gaussian integral 

Here let us summarize the notion of Grassmann Gaussian integral. For a finite dimen- 
sional complex vector space W and n G N, let /\" W denote the n-fold anti-symmetric 
tensor product of W and A° W := C. Moreover, set A := 0n=o^ A" W. 

Let V, V^, V~, Vp {p G N) be the complex vector spaces spanned by the basis 
bPx^iJx}xeiL,h^ felxe/i,^, {^/'xIxg/l,;.' {V'x, V'xlxg/^,;, (p e N), respectively. This 
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paper concerns various problems formulated in the Grassmann algebras /\V, /\V~^, 
/\ V~, /\ Vp (p G N). Remark that there is a vector space isomorphism between /\V 
and (AV+) ® {/\V'), the tensor product of and A">^~- Then, let : /\ V 

(/\" V^) ® (A" "^'~) denote the standard projection (n G {0, 1, ■ ■ ■ , Ni^h})- 

Let us give a number from 1 to Ni^h to each element of Ii^h so that we can 
write lL,h = {Xo,j}^=i- Set ip := fe^,!,""- , V'x„,jv^_^,^x„.i, ■ ■ ■ ,^x„,^^J, : = 

1, • • • iv, , ' ■ ■ , V'x^ jv. , ) ^ Take p, gi, e N with p ^ 

(Vj G {1, ■ ■ ■ j"^})- The Grassmann Gaussian integral J -dficiip^) with a covariance 
{C{X,Y))x,Yeir,M is a linear map from A ((©;=iH,) SVp) to A (©;=iV,,) de- 
fined as follows. For / G A (0^=1 H^) and Xi, ■ ■ ■ , Xa, Fi, ■ ■ ■ , F;, G lL,h, 



det(C(Xj, Yk))i<j^k<af if a = b, 
if a ^ 6. 



Then for any g E /\ (^(^0"=i Vg^ j Vpj , / gdfic{ip^) can be defined by linearity and 
anti-symmetry. 

Though it is not used during the formulation in this section, let us recall the notion 
of left derivative at this stage for later use. For X' G lL,h the left derivative d/dtp^, 

is a linear operator on A (^(^0"=i ^qj^ ®^pj- By letting be the vector space with 
the basis {^x^^x}xeiL,h\{'^x'}^ 

^ -{frx>9) ■■= i-irfg, -^g := 0, 



for / G A'" ((0;=iV,,) 0V;) (m G N U {0}), g G A ((0;=i V,,) V^) . Then, 
{d/dipx')g can be defined for any (? G A (^{®]=i^qj^ ®^pj by linearity. The defini- 
tion of the left derivative d/dip^x' is parallel to that of d/dip^,. 



2.2 The covariance 

In our formulation the covariance is given as a 2-point correlation function governed 
by the free Hamiltonian Hq. For (p, x, a, x), {r], y, r, y) G {1, 2, 3} x F x {'|', |} x [0, /3), 



C{pyiax,T]yTy) : = 



where r^^^ix) := e^^'^rp^^e-^''' , i'vyM ■= e^'^oV^.y^e-^^", T(z^;,^(x)z^,y.(y)) := 
The following characterization of C is done in Appendix lAl For any (p, x, o", x), 

C(pxax,r/yry) = ^ e-<--'''^)e^(^-^)-i3,%(k, u;), (2.1) 

(k,aj)Gr*xXh 
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where for k = {ki, eT*, u e Mh, (t G {t, I}, 
(^P%(k>^)),<,.,<3- 



©•^(k.w) /i(l-e-'"/'^+'=?/'') I X"^(k,a;) J /i(l-e-'"/''+^?/'')I>'^{k,aj) 



y I"^{k,tj) /i(l-e-'"/'^+^2/'»)I5'^(k,a;) /i(i_e~'"/''+-!g /h) l^""- + r"^(k,(^) ^ y 



P'^(k,u;) := /i^ (l - e->+27r(^?+^o)' 

- e-i-+2k(^c+^o) || + 2^2^(1 + cos A;,) j + e-t'^+^(^S^+^°)0^(k), 



Ml2{k,uj) ■= 2^2(1 + COS A;i)(ie-^'^+^(^?+^°) + ^e"^ 



A4^i(k,u;) :=Ar{;2(-(A:2,A;i),a;), Ar3-2(k,u;) := Ar2';3(-k, u;), 

Ar3';3(k,u;) ■=Ml2{{k2,ki),u). (2.2) 

The functions OJ(-) : — t- C (j G {1, ■ ■ ■ , 5}, a G {tii}) are entirely analytic and 
satisfy that OJ(k + 27rmei + 27^62) = Oj(k) (Vk G C^, m,n E Z). Moreover, for any 
compact set K C C^, 

sup |OJ(k)| < ^^f— , (2.3) 

where CK,Emax is a positive constant depending only on K and E^ax- Though these 
information about OJ are sufficient for our analysis to proceed, the functions OJ are 
made explicit in (1A.6P in Appendix [Al 

Remark 2.1. The functions P'^(k,a;), A^^';^(k,w) (p,?] G {1,2, 3}, a G {t,i}) are 
analjd;ic with respect to k. This property is one essential requirement of our method 
to prove exponential decay of the correlation functions. As shown in Appendix [Aj in 
the preliminary form before being expanded over Aih the covariance C(X, Y) contains 
a square root of (e^ — /t^ + 8 X]^=i(l + kj), which is not analytic. In order to 
make the analyticity with k apparent, we choose to transform the covariance into the 
sum over V* x A^/^. 
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2.3 The Grassmann integral formulation 

In order to relate the correlation function to the Grassmann Gaussian integral, we in- 
troduce parameters Ai, A_i G C and define ?7(Ai a_i)(-, ■) : ({1, 2, 3} x F x {'I', |})^ — )■ 
Cby 

t^(Ai,A_i)(PlXlCri, p2X2a2, VlYin, ?72y2r2) 

'■= ^(l(<Ti,f72)=(t,i) - l{fTi,f72)=a,t))(l(n,r2)=a,t) - l(Ti,r2)=(t,4))lxi=x2=yi=y2 
iUc^px=p2=r]\=ri2=l ~l~ f^olpi=p2=f?l =572=2 or s) 

1 

^ 1 ^"'^(piXi(Ti,p2X2(T2) = (A'l,A'2) '''(piXio-i,p2X20-2) = (A'2,A'i)) 
^''"(»7iyi'rii'72y2r2)=(j)2,5'l) ''"(»7iym,r72y2T2)=(yi,y2)) 

^'^~l^''^(piXio-i,p2X20-2) = (3)l,5'2) ~ '''(plXio-i,p2X2Cr2) = (3)2,yi)) 
^"'^('7iym,'72y2T2)=(pf2,-^'l) ''"(r?iyi-ri,r?2y2r2)=(A'i,A'2))' (2-4) 

For another application in Section H] we purposely defined ?7(Ai,a„i) ■) to satisfy 
f/(A„A_i)(X2,Xi,Fi,F2) = f/(A„A.o(^i> ^2, 1^2,11) = -t/(A„A_o (^1, ^2, 1^2). Define 
the Grassmann polynomial V(Ai,a_i)(^) ^ by 

^(Ai,A_i)(^) := --^ 5Z XI f^(Ai,A.i)(Xi,X2,Fi,F2)^Xix^X2X^nx^l2X- 

2:e[0,/3)h X-^,X2,Y^,Y2 

G{l,2,3}xrx{t,J-} 

The Grassmann integral formulation of the correlation function is summarized as 
follows. 

Lemma 2.2. (i) For any f/ > there exists A^c/ G N such that Re / e^(^'^)('^)(i/ic(V') 
> for any h G 2N//3 with h > 2Nu/P, A, U^, t/o G K |A|, \Uo\ < U. 

(u) 

^n.n2^%^yr + h-c), = -I lim l^log (/ e^(-.Wd/.c(^)) 

where for z E C with Re z > 0, log 2; := log + ^ Arg z, Arg z G (— 7r/2, 7r/2). 

Lemma 12.21 can be proved in a way similar to [3 Section 3]. For the readers' conve- 
nience we outline the proof in Appendix |Bl 

The analysis in the following sections treats the perturbed covariance containing 
complex momentum variables inside. For p G C^, 

C(pxax,r/yry)(p) := ^ J] e-<--y''^>e^(^-^)-i3^-,^(k + S(a)p, u;), 

(k,w)er*xAih 

C(p) := (C(X, F)(p))x,yg/^ By admitting a few facts proved in Section [31 we can 
show the next lemma. The equality in Lemma 12.31 flmj) will be estimated in Section H] 
as the main objective. 

Lemma 2.3. For any L G N, i? G (J-i_/3(8/7r^), 00), e G (S/tt^, 1) anc? sufficiently large 
h G 2N//3 there exists Usmaii > such that the following statements hold true. 
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(t) Re/e 



dfJ^C(wep)W > for any p G {1,2} and all \^i,Uc,Uo,w) e 



with \Uc\, \Uo\ < Usmaih \ Rew| < R, \ Imw| < J^tA^)- 

(a) For any p G {1, 2} the function 



is analytic in 



|(Ai,A_i,f/e,f/o,w;)GC^ 



|Ai|, |A_i|, \Uc\, \Uo\ < Usmall, 

I Re w| < _R, I Im w| < J-'t,i3{£) 



(Hi) For any n eN with 2'Kn/L + Tt^S/n'^) < R, Uc, Uo e C with \Uc\, \Uo\ < Usmaii 
and p G {1, 2}, 



A=0 



E n 

aG{l -1} i=l 

^ 1 



p2na/L 



27T 



de. 



27ri 



dWnj- 



l«'a,j-Sa,j|=^t,/3(8/7r2)/n 
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g^{Ai,A_i 



Ai=A_i=0 



where §, 



\Wa,o-ea,j\=J'tA^h^)/' 



^ dwaj represents the contour integral along the contour 



{wa,j G C I \waj — Oa,j \ = Tt,[s{8 / IT ) / u} oricntcd counter clock- 



wise. 



Proof. ([!]): It follows from Lemma [3.31 fpl. Lemma [3.41 fp]) and fl3.5p that the function 
w I—)- C{X,Y){wep) is analytic in {w G C | |Imty| < J^tj^^e')} for any e' G (0,1), 
sufficiently large h G 2N//3 and X,Y & I^^h- Thus, for any fixed large h G 2N//3, 
\C{X,Y){wep)\ is uniformly bounded with respect to X, F G lL,h and w G C with 
|Rew| < -R, |Imw| < J^t^pi^)- Note that by definition J e^^'^'^'^''^''''^^d^c{wep){'4^) is a 
polynomial of Ai, A_i, Uc, Uo, whose constant term is 1 and higher order terms have 
finite sums and products of C(X, Y){wep) [X, Y G lL,h) in their coefficients. Thus, the 
uniform boundedness oi C{X^Y){wep) ensures that 



lim sup 

\\j_\.\\_j_\.\Vc\,\Uo\<U,\ Reiii|<fl,| Imiu|<J-t 0(5) 



0, 



which implies the claim 

(juj): The claim and the analyticity of C(X, Y){wej^ with respect to w verify the 
statement. 



xG[0,/3)„ 



M>- Set 

^i(C) : = 



a;e[0,/3)h 
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Note the equality that 

= det (c{pj:x.j(TjXj, rjkykTkyk) ( ay-e^ j j (Va G {1, -1}) 

V \ ^ J J l<j,k<n 

and the fact that V(o,o)(V') is invariant under the scahng ^Jpxax ~^ ^^"'^^'^^^^^'^'''^'^^pxax^ 
'ippxax e-*"^('")^<'''''fVpx<Tx (a e {1, -1}, (p,x,cr,x) G /l./i). Then, by remarking the 
definition of the Grassmann Gaussian integral and the claim ([ii]) we can justify the 
following transformations. 



A=0 



= J2 e^¥<^?-(^"(^^)^^-^(^^)^^)-^->^„(C)= Yl sJc^a^e^Y 

ae{l,-l} ae{l-l} ^ ^ 

L (^emi:%M^.)^.-sirM-.) _ l) l^log (y"e^(^'^)('^)c//ic(^) 

ae{l -1} V V V / / / 

^ r p2TTa/L 1 



^ r-2TTa/L If 1 



ae{l,-l} 



>a-ea|=J^t,^((8/7r2)/n 



Repeating this procedure n times results in the equality claimed in (jnl]). □ 



3 Preliminaries 

In this section we show some lemmas concerning the cut-off function and the sliced 
covariance, which are the necessary tools for the forthcoming multi-scale analysis. To 
begin with, let us fix a function G C^(M) with the following properties, (i) = 1 
if < 1. (ii) 0(a;) = if \x\ > 2. (iii) (p^x) G (0,1) if 1 < |x| < 2 and is strictly 
increasing in (—2,-1), strictly decreasing in (1,2). See, e.g, [84 Problem II. 6] for a 
concrete construction of such a function. From now let the notation 'c' stand for a 
generic positive constant which depends only on and is independent of any other 
parameters. 

3.1 The cut-ofF function 

With a parameter M G R>2 define the function x ^ C'^(M) by x(x) := 0((x — 
M)/{M^-M) + 1). We can see that xi^) = 1 (Vx G [0,M]), xix) = (Vx G [M^oo)), 
X{x) G (0, 1) (Vx G (M, M^)), x(-) is strictly decreasing in (M, M^) and 

<cM-2™ (Vx G [0,cx)),Vm G {O,--- ,4}). (3.1) 
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In the next subsection x will be differentiated at most 4 times. Thus, it suffices to 
prepare the bound (13.1 p only up to m = 4. 

Set Nh := [log(2/i)/log(M)J for h G 2N//3, Np := max{ [log(l//3)/ log(M)J + 1, 1}. 
For large h E 2N//3 satisfying Nh > Nf^ + 1 we have that 

4 < M^i' < max I 1, ^ I M, (3.2) 



{3 - I 

M'<2h {yie{Np,Np + l,--- ,Nh}). (3.3) 

Define the functions xK") : ^ ^ ^ ^ {N^, N^ + l,-- - , Nh}) by 

XN,{co) ■.= xiM-'''h\l-e'-/^\), 

Xiioo) := x{M-'h\l - e-Z'^l) - x(M-('-i)/i|l - e*-/^|) (V/ G {iV^ + 1, ■ ■ ■ , iVj). 

Since /i|l - e'^/'^l < 2h < M^'^+\ - e^'^^^l) = 1 (Vw G M). This implies 

that 

J2xi{^) = l (VcuGM). (3.4) 

l=Nf, 

The support property of these functions is described as follows. For any w G M, 

r 1 a h\l - e''^/''\ < M^^+\ 

XNpiuj) = I G (0, 1) if M^/'+i <h\l- e^"^/^! < M^^+^, 
[ if /i|l-e^'^/^| > M^''+2, 

( if /i|l - e^'^/'^l < M\ 

Xi{uj)=l G(0, 1] if < /i|l -e^"^/^! < M'+^ {yi e {Np + 1, ■ ■ ■ , Nh}). 
[ if /i|l -e^'^/'^l > M'+2, 

The role of xK') is a cut-off in the Matsubara frequency. The support of Xi(') ^e 
estimated as follows. 

Lemma 3.1. For any I e {Np, N^ + 1, ■ ■ ■ , Nh}, ^ EusM^ ^xiH^o < cM'+\ 
3.2 Properties of the sliced covariances 

By using the cut-off function xi we define the covariance Q of Z-th scale (Z G iV/? + 
lr--,Nh}) by 

Ciip^ax,vyTy)ip) := ^ e-^<^-^''^>e^(^-^)-x/(c^)^p%(k + S(a)p, a;) 

(k,w)gr*xMh 

for {p,x,a,x),{ri,y,T,y) G /l,/^, p G C^. Let Cz(p) := (C/(X, F)(p))x,yg/^,,. We will 
specify a domain where C;(-) is well-defined later in this subsection. On such a domain 
the equahty (13. 4p implies that 

C(p) = ^ CKp). (3.5) 
In this subsection we study various properties of Q. For this purpose set 

2 

E{t, k) := 2t^ ^(1 + cos k^) : ^ C, (3.6) 
i=i 

and let us estimate E{t, k), first of all. 
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Lemma 3.2. For any k 6 M^, j,P,q € {1;2}, m G N U {0} anc? w, z G C wt/i 
I Imw|, I lmz\ < r, 



< 8t2 + 8t2sinh(2r), (3.7) 



|ImE(t,k + u;ep + zeg)| < At^ sin\i{2r) , (3.8) 
ReE(t,k + wep + zeg) > -4t2 sinh(2r). (3.9) 

Proof. Note that 

i?(t, k + + zeq) 

2 

= + 2t^ cos(/cj + Re if^pj + Re 2:5gj) cosh(Im w5p,j + Im z5gj) 

2 

— z2t^ sin(/cj + Re if^pj + Re z5q^j) sinh(Im 'w5p^j + Im z6gj), 

which leads to |^(t,k + wep + zeg)\ < 8t^ + 8t2sinh(2r). The upper bounds on 
\{d/dkj)"^E{co,k + wBp + zeq)\, \ lmE(t,k + wep + zeg)\ can be obtained similarly. 
Moreover, Re E{t, k + wep + zeq) > At^ - At^ cosh(2r) > -At^ sinh(2r). □ 

The following lemma summarizes properties of Cn^- The /9-dependency of Theorem 
ll.ll in low temperatures mainly stems from these upper bounds on Cn^- From now we 
assume that 

M > 78EL.- (3.10) 

Lemma 3.3. For any e G (0, 1) there exists A^e G N such that for any h G 2N//3 with 
h > 2N^/ [i the following statements hold true. 

(i) The function {w,z) H- CNp{X,Y){wep + zeq) is analytic in {{w,z) G | | Imw|, 
I Im2;| < I't,i3{£)} for any X,Y e lL,h, P,q ^ {1,2}. 

(n) ^ 

i J2 |C^,(pxax,r/OaO)(u-ep)| < — -^M9-^«max{l,/3}« 
for any p,rj E {1, 2, 3}, a G {t, i}, V ^ {1? 2} and w E C with | Imw | < J-'t,i3{s) . 

(Hi) 

I det((uj, Vfe)c,„CAr^(Xj,Ffc)(wep))i<j-fc<„,| < (^^j^M^ rcia;y.{l, 

for any m,n E N, Uj,Vj G with ||uj||c™, HvjUc" < 1, ^jj^j ^ lL,h (j = 
1, ■ ■ ■ ,n) , p E {1,2} and w E C with | Imw| < J^t^/si^) ■ 

Proof. First note that XN^i^) 7^ implies 

(/i2(^l-cos(^)) +/,2sin2(^)j <M^''+2_ ^3^^^) 
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If \oj/h\ > 7r/2 and h is large, this inequality cannot hold. Thus we may assume that 
\u/h\ < 7r/2. The inequality f l3.1ip coupled with f l3.2p proves that if XN^ii^) 7^ 0, 



|w| < cmax|l,i|Ml (3.12) 

([ID: From the definition ([22]), <^M and (KT^ we observe that 

+ wep + zeg, = - + e^e^ - Re E{t, k + wep + zBg) 

+ ti-cuie"^ + el) - Im E{t, k + we^ + ze^)) + 0{h 



where 0{h ^) represents terms of order h ^. Moreover, if | Imw|, | Im2;| < r, by (13. 8p 
and M . 

|r'''(k + wep + 2eg,a;)| 

> max{a;^ - e^e;^ + ReE(t,k + lyep + zeg), |cu(e;: + e;^)| - | ImE(t, k + we^ + ze^)!} 
+ 0(/i-i) 

TtT^ 1 TT 1 

> max I — - -(e;: + e^f - At^ sinh(2r), -^K + el\ - 4t^ sinh(2r) | + 0{h-^) 
Ae sinh(2r)^ + l|.j+.g|>^ - Af sinh(2r)^ + Oih^') 



7r2 



2/32 



> — - sinh(2r) + 0(/i~^). 
Zp 

If r = J-'t,i3{£) and /i is large enough, 

\V''{k + wep + zeg,u)\> ^^~^^'^ > 0. (3.13) 

Therefore, the denominator of XAf^(i^)'Spr,(k + wep + 2:6^, w) does not vanish for any 
p, ?7 G {1, 2, 3}, which ensures the analyticity of C^piX, Y){wep + zeq) in the claimed 
domain. 

([n]): Fix w, 2; G C with | Imw|, | Im2;| < J^t,i3{£) and p,q E {1, 2}. We will use the 
following bounds. For any (fci, ^2) G M^, 

I sin(/cj + w6j^p + -25j,g)|, I cos(A;j + w6j^p + z6j^g)\, 
I sin(/ci + tu5i,p + - k2 - w62,p - z62,q)\, 

I cos(/i;i + w5i,p + z^i^g - k2- wS2,p - zS2,g)\ < c ( IH ^ J (3.14) 

(Vj G {1,2}). By keeping ([23]), f l310|) . f l312|) and (KWf in mind, one can deduce the 
following. For any u G Aih with XNj^i'^) 7^ and large enough h G 2N//3, 



|A^{^i(k + wep + 2;eg,w)| < cM^max|l,-^| , 
|A/-;,(k + + .e„.)| < cA/ (l + j;;;;^) 



(V(p,77)G{l,2,3}M(l,l)}), 



14 



It follows from these inequalities and f l3.13p that 

\Bp^^{k + wBp + zeq,uj)\ 

r ^M3/3max{l,/3} if (p, r/) = (1, 1), 

< <^ ^M/3max{l,/3} if (p, r/) e {(1, 2), (1, 3), (2, 1), (3, 1)}, 

[ c(3 + max{l, /?} if (p, 77) G {(2, 2), (2, 3), (3, 2), (3, 3)}, 

which results in 

IB^^^ik + wBp + ze^u)] < ^M3/3max{l,/5}^ (Vp,r/ G {1,2,3}). (3.15) 

Then, by using Lemma 13.11 and (13. 2p we have for any X, F G lL,h that 

|C^^(X,y)(wep + ze,)| < ^^M^'3+^/3max{l,/3}2 < ^^M^ max{l, (3.16) 

The rest of the proof of dn]) proceeds in the same way as in [3 Subsection 5.2]. By 
noting the domain of analyticity proved in and the periodicity of ^^.^(k, w) with 
respect to k one can derive the following equality. For n G N, 



(T \ ^ 



n 



27r 



de,- 



dZn 



( 

\ i=i 



(3.17) 



By taking the absolute value of both sides of (13.171) and using the inequality < nle'' 
and (I3.16P we obtain 



n\e 



_ (^g.^(x-y,e,> _ \C^^{p^ax,iiyTy){we,)\ < -^M^ max{l, ^^^^^^ 

for any n G N U {0}, which leads to 
\CN^{picax,riyTy){wep)\ 

+ 1 



< 



1-e 



max{l,/3}^ 



8p. Z^o=1 



i2ir {:xi-y, eq)/L_^ 



2n/L 



16max{l,t2}max{/3,/32} 



Then, by using the inequality that |(e*2Wi - l)/{2n/L)\ > 2|m|/7r (Vm G Z with 
|m| < i^/2) and (13.21) we can deduce that 

r $Z |CAr^(pxcra;,?70rO)(tuep)| 



(x,z)Grx[-,3,/3)h 



1 — e 



I 



16 max{l,t2} max{/3,/32} 



\ y 16max{l,t2}max{/3,/32} 



\ l/(47re) \ 

1) +n 



l/(47re) 



- 1 
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c 



< — — M^/3max{l,/3}' ( 1 + 



max{l, t^} max{/3, (3^} 



21 \ 2 



1 — e \ e 

< --^-^MVmax{l,/3}^< — ^— M9-^''max{l,/3f. 
(i — sjE"^ (i — eje^ 

dm]): Define the complex Hilbert space H by H := C" (g)L2({l, 2, 3} x T* x {t, i} x 
A^/t) with the inner product 

(u(g)/,v(g)^)^ := (u,v)j,„,^ ^ /(p,k,o-,a;)^(p,k,cT,a;). 

6{l,2,3}xr*x{t,i}xA1^ 

Moreover, define the vectors fix, 9i x ^ -^^^({1,2,3} x T* x {t, 1} x Mh) {X E hh, 

/z,px..(^,k,r,a;) := <5.,.e-^<^''^>e^^'^x«M'/'Sp,,(k + s(a)w;ep, a;), (3.18) 
gi,,^Uv,Kr,u) := 6,J^,^e-^^^'''^e'-^Xi{^Y^'- (3.19) 

The vectors //^x, 9i,x ioi I > Nf^ + 1 will be used in the proof of the next lemma. We 
see that (u, v)j,™CAr^(X, F)('u;ep) = {u^ f^^^x,^ 9Np,Y)n- By Lemma EUl fl3.2p and 

\\v (S) gN,,x\\n < c(M=^max{l,/3-^})i/^ 

if II u II cm, II V II cm < 1. Therefore, Gram's inequality guarantees that if ||uj||c™, HvjUc" 
<l(VjG{l,---,n}), 

n 

I det{{uj,Vk)fcmCN^{Xj,Yk){wep))i<j^k<n\ < Y\_ ll^i ® fNfi,Xj\\H\Wj ® gNf,,Yj\\n 



C , ,R 3 



< ( - — -M''max{l,l3} 



□ 



The following lemma gives upper bounds on Ci {I G {Njs + 1, ■ ■ ■ , Nh}), which are 
essentially independent of P in low temperatures. 

Lemma 3.4. For any e G (0, 1) there exists eN such that for any h G 2N//3 with 
h > 2Ns/P and I G {A^/j + 1, ■ ■ ■ , Nh} the following statements hold true. 

(i) The function w i— )■ Ci{X,Y){wep) is analytic m {w G C | | Imw| < J-'t ^le)} for 
any X,Y e h^h, P G {1,2}. 



(u) 



^ \Ci{p^ax,T]OaO){wep)\ <cM^-^ 

{x,x)erxh/3,/3)h 

for any p,ri E {1, 2, 3}, a G {t, i}, p G {1, 2} and w E C with | Imti?| < J^j^^(e). 
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(in) 



\det{{uj,Vk)^mCi{Xj,Yk){wep))i<j^k<n\ < (cM*^)" 

for any m,n G N, Uj,Vj G C™" with \\uj\\cm,\\\j\\Qm < 1, Xj,Yj G lL,h (j 
1, ■ ■ ■ ,n) , p e {1,2} and w E C with \ lmw\ < J^t,i3{,^) ■ 



(iv) 



\Ci{p±ax,riyTy){wep)\ < cM 



(v) 



for any ±,y G with 1 < ||x - y||iR2 < L/2, {p,cr,x), {r],T,y) G {1,2,3} x 
{t, 1} X [0,l3)h, p G {1,2} and w eC with \ lmw\ < 

\Ci{pOaO,r]OTO){wep)\ < cM^M^'^'^ + M^f'-^) 
for any {p,a), {ri,T) G {1,2,3} x {t, i}, p G {1,2} and w G C with \ lmw\ < 



Proof, (ji]): For any a; G M with Xi{^) cind sufficiently large h, 

iM'-^_<|Ml-e'"'-«-^)'«-)|<2M- + B„ 
The condition fIXTU]) implies that 10 + ^E^ax + ^Kmx < f ^Lx < 



(3.20) 



1 fl 



9E' + lOM'-i <- -M'- Emax \<-\-M'-E, 



2 V 2 

Note that by ([S2D and flXTj) . 

+ E{t, k + u;ep^ 



1 fl 



dkj 



2 V 2 



+ - 

- max{/3,/32} 



(3.21) 



2 !\,<ri-l 



(3.22) 

for any m G {0, ■ ■ ■ ,4}. Then, by using fl3.20p . (13.211) and (13.221) we have for any 
k G that 

\V''{k + wep,u)\ > (^^M'~Emax^ -e''-^/\9El,, + 7i'M'-') + 0{h-') 

> Qm' - E^,,^ - 9EL. - lOM'-i > i Qm' - E^,.^ > ^M'^. (3.23) 

Thus, the denominator of Xi{^)^p,ri(M ~^ wep,u) is non-zero for any p,r] E {1,2,3}, 
which proves the claim ([i]). 

(^,(^: Take w G M with xz(w) 7^ 0, p G {1, 2}, k G M^ a G {t, 1} and w G C with 
\lmw\ < TtA^). Estimating \xi{co){d/dkj)"'B''pA^+wep,u)\, \id/durixi{uj)B;A^+ 
wep,u))\ (m = 0, ■ ■ ■ ,4) provides sufficient information to bound the sum of Ci{wep) 
over r X [0,f3)h- By using the inequalities (13.21) . (13.31) and (I3.20p we obtain 



d_ 



^'"(k + wep,^) 



— ) V^{\i + wep,uj] 



<cM^+(2-m)« (Vm G {0,- ■■ ,4}), 
<cM^'=' (VnG{l,--- ,4},jG{l,2}), 
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which, combined with f l3.23p . yields 



d 



d V 1 



dkj J V'^Ck + wep,ui) 



<cM^^-^' (VnG{l,---,4},je{l,2}). 



(3.24) 



One can similarly derive the following inequalities. For any m G {0, ■■■ ,4}, n G 
{!,••• ,4}, J G {1,2} and (p,r/) G {1, 2, 3}2\{(1, 1)}, 



— j Ar,';,(k + «7ep, 



< C, 



(3.25) 

These imply that for any m G {0, . . . , 4}, n G {1, ■ ■ ■ , 4}, j G {1, 2}, p,r] e {1, 2, 3}, 



(d \ ^ 



CO 



(3.26) 



As in (13:20|) . |/i(l - e^^/''+^°/'^)| > ^M' - > cMK Thus, 



1 



One can also check that 



< cM-(™+i)' (Vm G {0, ■ ■ ■ , 4}). (3.27) 



<cM'"(^-') (Vm G {O,--- ,4}). 



(3.28) 



Then by using f l3.24p . f l3.26p . f l3.27p . f l3.28p and Leibniz' formula, we have for any 
p,r/G{l,2,3},jG{l,2} that 



x.H^o|^p%(k + ^/;ep,a;)| <cM2-', 

4 



^) (xK^)i5^,,(k + ^e„a;)) 



\ 4 



It follows from f l3.29p and Lemma 13.11 that 



\Ci{X, Y){wep)\ < cM^ (VX, Y G 1^,/,) 



(3.29) 
(3.30) 

(3.31) 
(3.32) 



For a function / : C ^ C, let dpf{uj) := |^(/(a; + 27r//3) -/(w)). By remarking the 
periodicity that xi{co + 2'7ihm)Bp^^{k+s{a)wep,u! + 27ihm) = x«('^)'^p,r;(k+'S(cr)wep, a;) 
(Vm G Z), we observe that 



£ 

27r 



e /3 



1) Ci{pyiax,r]yTy){wep 
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(k,aj)Gr*xXh m=l \ ^ 



Then, the bound fl3.30p and Lemma 13.11 lead to 



271 



4 



\Ci{X,Y){wep)\ < cM^o-^'. (3.33) 



Similarly by using the periodicity that Bp.^{k + s{(r)wep + 2nnej,uj) = i3p_^(k + 
s{a)wep,ijj) (Wn G Z) we obtain 



E 



(k,w)gr*xA1h 



which, combined with f l3.3ip and Lemma 13. 1[ yields 
L 



|C,(X, Y)(we,)\ < cM^*"'-' (Vj e {1, 2}). (3.34) 



The inequalities fl3.32p . f l3.33p and fl3.34p result in 
|C/(pxo-a;,?7yry)(wep)| 

< ^1^^ , (3.35) 

1 + jVf«-JV^+l ^2^^ |^(^gi27r(x-y,e,>/L - 1) ^ + M^'-^^ ||-(e»2'r(a;-2/)//3 - 1)| 

for all (p, X, 0", x), (r^, y, r, G The decay bound (13.350 implies the claim dn]) and 
the claim f liv|) . 

flmll : The proof of (jm]) is parallel to that of Lemma 13.31 flulj) . Recall (I3.18P and 
(I3.19p . By using Lemma 13.11 and (I3.29P one can show that for any u, v G with 

llullc-, ||v||c". < 1, \\vi®fi,x\\H < c{M'^yl^M^-\ \\w®gi^x\W < c(M'+2)i/2. Thus, 
we can apply Gram's inequality to conclude that 

I det ( (uj , Vfe ) ^^Ci (Xj , Yfc) (wGp) ) i<j, fc<„ I 

n 

i=i 

(jvj): Take u E Aih with Xi{'^) 0- Since 
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by ( K22^ . the inequalities ( K20\f and IK2T\f justify that 



+ 



(^h^ (1 - e--/'^+(^?+^o)/{2/^))2 _ ^ ^^^^ ^ 



■E 



m=l 



2m- 1 



m=l 



/,2 (1 _ g-*Wh+(.?+e:^)/(2h))2 _ ^^^^ ^ ^^^^ 



[h (1 - e-»^/^+(^?+^S)/(2'^))) 
This particularly implies that 



2m- 1 



< 1. 



PL 



7i x/M^Lilk + wep, 



(k,aj)er*xXh 



< 



E 



(k,aj)er*xXh 



+ 



/3L2 



E 



Xi{uj) \^fl-^{\^ + wep, - /i (1 - e 



-iu/h+(eZ+eZ)/(2h)\ 



{k,a;)Gr*xA4h 



< 



-E 



|'D'^(k + wep,a;) 



(3.36) 



where Lemma [XT| f l3.20p and fl3.23p were also used. Note that 

R /id - e-W'i+(^?+^o)/(2/i)) 

1 ^ , , 1 ^ , , /, (1 _ e(^?+^o)/M 



2/3/1 



2/3 /l2 (1 _ e-W?'+(^?+^?)/{2/i)) (1 _ gW^+(e-+e-)/(2/i)) " 



Then again by using Lemma 13.11 (13.31) and (13.201) we have 



P Z-J /^ (X _ g-j<^M+{e?+e?)/{2h)) 



(3.37) 



Substituting (I3.37P into (I3.36P gives 



/3L2 



(k,Lj)er*x7Hh 
It follows from that 
1 V- xi{^)\M;J\^ + wep,uj) 



< cM' 



(3.38) 



/3L2 



E 



(k,Lj)Gr*x7Uh 



|r''^(k + w;ep,w) 



<cM3+^''-' (V(p,^)e{l,2,3r\{(l,l)}). 

(3.39) 
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The procedure to derive fl3.37p similarly shows that 



R ^ 



B ^ h(l_(.-i^lh+eZ/h)\ 



3-1 



The bounds flX^ and (MID yield that for any (p,r/) G {1, 2, 3}2\{(1, 1)}, 



7^ xKw)^p,r,(k + wep,w) 



/3L 



(k,i^)Gr*xA^h 

By fl3.38p and fl3.4ip we can confirm the inequality claimed in (|v]). 

4 Multi-scale integration 

In this section we will find an /i-,L- independent upper bound on 



(3.40) 



< cM'"^'^+2 + cM^+^^-K (3.41) 



□ 



A=0 



(4.1) 



(n G NU{0}, p G {1,2}) by estimating the right-hand side of Lemma 12.31 fliii|) by 
means of a multi-scale integration over the Matsubara frequency Aih- By using the 
upper bound on (14. ID we will complete the proof of Theorem 11.11 in the end of this 
section. 



4.1 Notations for the multi-scale expansion 

Let us decide some notational rules to systematically handle Grassmann polynomials 
during the multi-scale expansion, in addition to those already introduced in Subsection 

EH _ _ _ _ 

For X- = (Xr,X2-,--- ,X-) G I^^, (m G N) let (^)x™ := ^x^^x^ ' ' '^x^, 
(■?/')xm := ipxY^i^x^ ■ ■ ■ i^x^ £ /\"^V. Define the extended index set /^^/j by I^ h '■ = 
lL,h X {I5 The index set lL,h is used in the following way. For (X, a) G lL,h, 

^(x,a) := if « = 1, ^(x,a) := i'x if a = -1- For = {X^^X^, ■■■ E % 

let {ij)^ru := ^x^^x^ ■ ■ ■ V-x^ e A"" V. 

For X'" G X" = (Xi",X2", ■ ■ ■ ,X^) G with m < n, we write X'" C X'^ 
if there exist ji, j2, ■ ■ ■ , jm e {1, 2, ■ ■ ■ , n} such that ji < J2 < ■ ■ ■ < jm and X*^ = 
(X];,Xj;, ■ ■ ■ ,X'^J. Moreover in this case we define X"\X™ G 12^^ by X^yX™ := 
(^fci' ^fc2' ■ ■ ■ ' ^fc„_„)' where 1 < fci < /ca < ■ ■ ■ < ^n-m < n and A;^ ^ {ji, J2, ■ ■ ■ , jm} 
(VgG{l,2,---,n-m}). 

For X™ G 7]^;,, X" G with m < n the notations X'" C X" and X"\X'" 
are defined in the same way as above. For X"^ = (X™,X^, ••• ,X^) G lY'h aiid 
a G {1, -1} let X(a)'" := ((Xf, a), (X^™, a), ■ ■ ■ , (X-, a)) G /^,. 

For a function : J™^ x J£^^ ^ C (m G N) let 



2m 
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||/m||i,oo := max' 



, \ 2m— 1 

^ E E E i/m((x^x,x-^-^),Y^ 



max 

2m- 1 



, \ zm— 1 

"i U) 5: E E l/™(X'».(Y^l',Y"-'-))| 

We see that || • ||i, || • ||i,oo are norms in the complex vector space of all functions 
on X 7^^. For notational consistency we also set ||/o||i, ||/o||i,oo := |/o| for any 
complex number /q. 

Let us call a function : 7£^^ x 7£^^ — > C bi-anti-symmetric if 

/m((-^i/(l),-^!.(2), ■ ■ ■ ,-^i/(m)), (^€(1),^5(2), ■ ■ ■ ) ^C(m))) 

= sgn(i/) sgn(0/m((Xi, X2, • • • , X^), (Fi, F2, • • • , >^m)) 

for any {X^.X-i, ■■■ , Xm), (Yi, 5^2, • • • , ^m) e 7£|^ and u, ^ e S^. Recalling the num- 
bering that lL,h = {^oJ}^i^ let 

{h,h)7 ■■= X,,,,, • • • , Xo,jJ e 72;, I ji < j2 < ■ ■ ■ < jm} (Vm e N). 

It holds for any bi-anti-symmetric function fm{-,-) '■ ^T,h ^ ^L^,h ~^ ^ ^^^^ 

Q)'™(m!f E l/m(X^Y-)|. (4.2) 

Bi-anti-symmetric functions appear as kernels of Grassmann polynomials. Remark 
that e ©^z^o" A ^ can be uniquely written as 

^L,h ^ ^ N 2m 

/(^) = E ( X) 5Z /m(X-,Y-)(V^)x^(V')Y'" 

with bi-anti-symmetric kernels fm{-,-) '■ IT,h ^ ^T,h — ^ C (m G {0, ■ ■ ■ , iVi:,^/i}). More- 
over, if 

\ 2m 

-] E /m(X"*,Y-)(V^)x"^(V')Y'" 

/ x-^.Y-^e/]^^ 

-. \ 2m 

E ^m(X™,Y™)(^)x".(t^)Y'" 

Vm Vm/z /""^ 



h 



and fm{-,-) is bi-anti-symmetric, then the inequalities 

||/m||l < \\gm\\l and ||/m||l,oo < ||5'm||l,oo (4.3) 

hold. 
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Assume that fi^m{-, ■) '■ I^'h ^ ^Th — ^ C is bi-anti-symmetric {\/l,m G N U {0}) and 
limj^oo fi,mO^"'^ Y™) exists in C (Vm G N U {0}, X™, G J]^;,). Set 



l^L,h / T \ 2m 



m=0 ^ ^ X™,Y'"e/£"^ 



In this case we define hm^^oo fiW e ®n=o f\V hj 

NL,h / , \ 2m 



/ 1 \ ^m 

hm fiii,) ■.= Y.(u] E Am(X"^,Y-)(V^)x™WY™. 

m=0 ^ ^ X^.Y^G/]^^ 

We call fz{'4') ^ ©^^z^o" T^n f\V analytic with respect to 2; in a domain C(c C) if so is 
every bi-anti-symmetric kernel of fz{'4')- Under this condition we define {d/ dz)fz{ip) G 
®n=o^n/\^ by replacing each bi-anti-symmetric kernel of fzii^) by its derivative. 
Moreover, the following Taylor expansion holds true. For any z E O, 



iz - zT 



n=0 

in a neighbor of z. 

4.2 A multi-scale integration over the Matsubara frequency 

Here let us describe the multi-scale integration process. From now until the proof of 
Theorem 11.11 in Subsection 14.41 we fix arbitrary R G (^-"^^^(8/71^), 00), e G (9/7r^,l), 
p G {1,2}, L G N satisfying ma.Xjke{i,2} ||% — yfc||]R2 < L/2 and sufficiently large 
h G 2N//3. There exists Usmaii > such that all the statements of Lemma [2. 3[ Lemma 
13.31 and Lemma 13.41 hold true for these fixed parameters. Set 

Dsmall ■= {{Zi, Z2, Z3, Z4) G | \Zj\ < Usmall i^j G {1,2,3,4})}, 

Dr:= {z eC\\Rez\<R, \ lmz\ < J^t,^{9/n^)}. 
By taking Usmaii smaller if necessary we may assume that 

Re / e^(^i-^-i'^'^^rf/i„iv^ . , ^(^) > for all (Ai, A_i, Uc, Uo) G Dsmaih w E Dr and / G 

{iV/3, ■ ■ ■ , Nh}. This property allows us to define G^^{tp) E /\V {I E {Nfj, ■■■ , A^";, + 1}) 
by 

G^\^) ■■= log (1 e^<^-^-)(^+'^")d/x^^^,^^(^^^)(V^°)) (/ G {A^,,--- ,iV4), 

for any (Ai, A_i, Uc, Uo) E Dgmaih w E Dr. The definition of logarithm of Grassmann 
polynomials is provided in Definition IC.ll in Appendix O 
By noting the equality that 
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(see, e.g, [U Proposition 1.21] to justify this equality), Lemma [Cl2] proved in Appendix 
O ensures that for any (Ai, A_i, f/c, Uo) e Dsmaii, w e Dr, I G {Np, ■ ■ ■ , N^}, 



Since 



(4.4) 



hm sup 

meD^.zgC with |z|<2 



one can see from D efinit ion I C . 1 1 1 hat z i— )■ log ^ J 6^'^^''^^'-'^^'^°'' dfj,Ci{wep)i^'^)j is analytic 
in {2; e C I \z\ < 2} for any (Ai, A_i, Uc, Uo) e Dsmaii, w e Dnif Usmaii is small enough. 
Thus, the Taylor expansion around z = reads 



z=0 



(4.5) 



for any (Ai, A_i, f/^, Uo) E Dsmaii, w E Dr, I E {Np, ■ ■ ■ , Nh}. 

Each term of fl4.5p can be characterized further. It follows from Definition IC. 1 1 and 
dUU) that 



d 

dz 



logf /e^^^'^^(^+^°)ci/.c,(.e.)(^°) 



z=0 



G^'+\^lj + ^lj')d^ic,i^,^){^l,'). 



The higher order derivatives can be expanded by means of the tree formula. We 
especially apply the version clearly proved in [TOl Theorem 3]. For n E N>2, 



1 f dV 



n\ V dz 



log 



z=0 



Tree{n,Ci{wep),G^'+'), (4.6) 



where for n E N>2, a matrix Q = {Q{X,Y))x,y<^Il h fW ^ 

r,ee(n,Q,/):=^ V n {A,,riQ) + Ar,,m f ds V ¥.(T,e, 



TGT„{g,r}GT -^[O'll" 

n 

. eE::,.=iMat(r,5,s)„,„A„,,(Q) J-I- _^ ^-^ 



Vje{l,--- ,n} 



(4.7) 



The new notations in (14.71) are defined as follows. T„ is the set of all trees over the 
vertices {1, 2, ■ ■ ■ , n}, for g, r G {1, ■ ■ ■ , n}. 



d d 



X,Y&lL,h 



j=l J \j=l 



E>n(T) is a T-dependent subset of S„, the function ip{T,^, ■) : [0, 1]" ^ — ?■ ]R>o depends 
on T E Tn, E Sri(T) and satisfies 



/ ds J2 ^{T,^,s) = l (VrGT„) 



(4.^ 
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and {Mat{T, ^, s)u^v)i<u,v<n is a (T, ^, s)-dependent real symmetric non-negative matrix 
satisfying M„t(T, s)„,„ = 1 (Vm G {1, ■ ■ ■ ,n}). 

Our strategy is to introduce a counterpart of via the tree formula inductively 
without assuming that (Ai, A_i, Uc, Uq) G D small and prove that the counterpart is well- 
defined for larger (Ai, A_i, f/c, Uq). Consequently by the identity theorem for analytic 
functions we will be able to find an upper bound on (14. ip with the enlarged coupling 
constants Uo in the end of this section. 

4.3 Estimation by induction 

Let us start the concrete analysis. In the following we fix arbitrary w G Dr unless 
otherwise stated. Define J^'(V'), i^-'(V'), T^\i^) e ^^=0 Vn ^V {I E {N^, ■■■ ,Nh + 
1}) inductively as follows. 

:= V^x„x_,m^ T^^^+^(^) := 0, J^^^+^l^) := + T^^''+^(^). 

For Z G {N^,--- ,Nh}, 

oo 

T^\,P) := T,ee(n,CK^e,), J^'+i) (Vn G N>2), T^\^) := J^T^^^l^), 

n=2 

J>'(V;) ■.= F^\ij) + T^\ij). 



We will later make sure that Yl^=2 '^nK'^) well-defined in 0,^=o'' the input 

J-^^^ satisfies a certain smallness condition. For m G N U {0}, / G {Np, ■ ■ ■ ,Nh + l} 
let 

/ . N 2m _ 

^n-mW ■■= VmT^\i^) = T|^(X-, Y"^) (^)x^ (V^)y"^ (Vn G N>2), 

/ , N 2 m _ 



where ■), T|^(-, ^^'(^ ■) : ^I^h^^ are bi-anti-symmetric. 

It will be convenient to set Jf^^^^^W := F^^W, J^L,mW ■= T^Ki^) and write 

/ N 2m _ 

= U 5Z C(X"^'Y'")Wx"^Wy™ 

V / X-^.Y^G/J^^ 

with the bi-anti-symmetric kernel J^l^i-, ■) for b G {free, tree}. Moreover, set 

max{Ml^9 ^ (4.9) 
1 - £ 
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where the constant c is taken to be the largest one among those appearing in the upper 
bounds of Lemma 13.31 and Lemma I3.4[ We observe that Cq > 1 and 

\\Ci{we,)\\^^^ < coM-' (V/ G {iV^,--- ,iV4), (4.10) 
I det{{uj,\k)cr^Ci{Xj,Yk){wep))i<j^k<n\ < Cq (4.11) 
(V/ G {N/^, ■ ■ ■ ,Nh}, 771,71 G N, Uj, G C™ with HujUc-, ||vj||cm < 1, 
Xj,Yj G IlAj = I,-- - ,n)), 
\Ci{pkaO,7]yTO){wep)\ < co(M'-^'^ + M^f^'^) (4.12) 
(V/ G {iV^ + 1, ■ ■ ■ , Nh}, X, y G with < ||x - y||K2 < L/2, p,7] e {1,2, 3}, 
a,r G {t, ID- 
Let us introduce a parameter a G M>o. As the main objective in this subsection 
we will prove the following. 

Proposition 4.1. Assume that 



|Ai|, |A_i|, \Uc\, \Uo\ < 2-^a-\fM''P. 
Then for any I G {A^/j + 1, ■ ■ ■ ,Nh + \} the following inequalities hold. 

M-^'^aco Yl ll^6-i'lli,oo<l, 

b&{free,tree} 
NL,h 

m=l b£{free,tree} 



(4.13) 



(4.14) 



The core part of the proof of Proposition 14. II is the estimation of ||T'^^||i,oo, which 
needs the next lemma. 

Lemma 4.2. For any X'"^ G J™'^ (j = 1, ■ ■ ■ , n), T G T„, ^ G §„(r), s G [0, 1]""^ 
andl e {Np,--- ,Nh}, 



E" =iA-^at(T',5,s)9,.Ag,,(Ci(«)ep)) 



VjS{l,--. ,n} 



Proof. This can be proved by using (14. lip and the properties of Mat{T,C,,s) and by 
repeating the same argument as in [6l Lemma 4.5]. □ 

Lemma 4.3. For any m G {0, ■ ■ ■ , Ni^h}, n G N>2 and I G {A"^, ■ ■ ■ , Nh], 



^^ml|l,oo < ilm=oNL,h/h + lm>i)2 "^"^Cq 



3m„— m 



rafra — 1) 



_^_Z(„_l) 



Proof. For T G T,„ and a matrix Q = {Q{X, Y))x,YeiL h define the operator Ope{T, Q) 

on A((e;=iV,)ev) by 
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• n (A,,.(g) + A,,,(Q)). (4.15) 



{q,r}eT 

It follows from the definition that 

n ( 



T^M) = n 



m,=l 



2 m,- 



^12]=i mj-n+l>m 



I 



1 / " _ _ 



TeT„ 



9=1 



Vje{i,--- 



The constraint mj-n+i>m is due to the fact that the operator 



\[{q,r}&T {^q,r{Ci{wep)) + A,. g (C^ (tuGp) ) ) crascs n-1 fields from nj=i(^ )x'"i and from 
11^=1 (V^'' )y'"j ) respectively. By using anti-symmetry, 

=n E(s) E E E E 

\ ( — —q 



=n E E 

j=l \mj=lkj,lj=0 
. ( 



9=1 



Vje{i,-- 



1E?=i m,-n+l>mlE"=i fc,=E?=i '.="1 



1 



n! 



En 

TeT„ g=l 



E E 



s=l 



where 

n 

j=i 



L,h L,h 

n 

£(mi,- ,m„),(fei,- ,knUh,- ,ln)Ope{T, Cl (wCp)) JJ(V''')x-«-'=« (V'^) 



9=1 



Vje{l,--- ,n} 



(4.16) 
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with the factor £(mi,...,m„),(A;i,...,fe„),(/i, ...,«„) G {1, -1} depending only on (mi, ■ ■ ■ ,m„), 
(fci, • • • , kn), (/i, ■ ■ ■ , /„). By (14.31) and the triangle inequality of the norm || ■ ||i,oo, 



j=l ymj=lfcj,«j=0 ^ / \ ^ ' j 

■ -| 2^ Ikt IIi,oo- l4.ig 

■ TGT„ 

Let us find an upper bound on || ''""^'('^i' ''"''||-^^^. Let dj denote the 

incidence number of the vertex j in T. If dj > 2m j — kj — Ij for some j G {1, ■ ■ ■ ,n}, 
||4"^'-''""^'('^'-''"^'('^'-''"^||i,oo = 0, since in this case 

n 

{g,r}GT s=l 

for any X™^-'^- G 12^^''% Y'"-"'^ G (s = 1, ■ ■ ■ ,n). 

Assume that c/j < 2m j — kj — Ij (Vj G {1, ■ ■ ■ ,''^})- First consider the case that 
m 7^ 0. Let go G {1, ■ ■ ■ , ra} be a vertex with kg^ ^ 0. For q,r G {I,-- - ,n} let 
disT(g, r)(G N U {0}) denote the distance between the vertex q and the vertex r along 
the unique path connecting q with r in T. Define L^iT) C T by 

L^(T) := {{r, s} G T | disT(g, s) = disT(g, r) + 1}. (4.18) 

Note that ii dr = 1 and r 7^ go? then Lf{T) = 0. If rf^ 7^ 1 or r = go? we can number 
each line of Lf^{T) so that 

Lf{T) = {{r, s\}, {r, s^}, ■ ■ ■ , {r, J} (Vr G {1, ■ ■ ■ , n}\{q,} with rf, ^ 1). 

For any {go, s} G -Z^g[j(T) there uniquely exists j G {1, 2, ■ ■ ■ , dq^} such that {go, s} = 
{go, 4°}- For e Srfgo ^({lo^s}) := Similarly for r G {1, ■ ■ ■ ,^}\{go} with 

dr ^ 1, {r, s} G L9o(r) and z/ G let z/({r, s}) G {1, 2, ■ ■ ■ , c/^ - 1} be defined by 

z/({r, s}) := z^(j), where s = s^. 

Moreover, define C : Jl,/i x Ii^h — )■ C by 

{0 if u = t>, 

-Cz(X,y)(wep) ifn = l,t; = -l, 
Ci{Y,X){wep) ifu = -l,t; = l. 

By considering go as the root of T we see that 



Yl {Ag^r{Ci{wep)) + Ar,q{Ci{wep))) n(^^)x™j-^. (V'^)y™j-'. 

{q,r}eT j=l 



X.Y&ii^u ^ ^ J=i 
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n E 

J = l \ X^GI'l^^ with 

■'^'0 - - m-fc- - m-l- 

X.C(X(1) J J,Y(-1) 3 J) 



E En ^~(^':((.o.i)'^^o 



x'^m e/^o with "10 {go.rjeL^o (T) 



L.h 

C(X(1)™90^'=90 ,Y(-l)'"9()-'90 ) 



n ( E En .t, 



^± ■ ('^''°)(X(1)'"90-'=90,Y(-1)'"90-''JO)\X'''?0 

n 

(4.19) 



s = l 



where e± = 1 or —1. In the following let n''"=i 9u denote gig2 ■ ■ ■ for v ^ N. One 

ordered 

finds this notation useful when each term gu depends on gi,g2, ■ ■ ■ ,gu-i- Moreover, 
set (i(T, go) := maxi<j<„ disr(go, j)- By substituting fl4.19p into fl4.16p and using fl4.8p . 
fl4.10p and Lemma 1^2] we have for any W fixed G lL,h that 



^ \ 2m— 1 " ^ 



h 



E En 



E E 

[Z\--- ,Z'"))| 



< 



I \ 2m,(,-l 
h 



E E E E 

L,h L,h L,h L.h 

" E En 

x'*™ s/^^TO '^'Jo {go,r-}eL^o (T) 

X''90 c(X(l)'"'?0 ~*90 ,Y(-1)™90 "'"Jo ) 
-. \ 2m,r 

^) E E E E E 



w''>e/r'', z^'-e/'r, x'"'--'='-g/!":~'"' Y'"'--''-G/!"I~''' ^'-e^.h with 

L,h L,h L,h L,h - , , 

XrC{X(l)™r--fer ,Y{-l)'"r-ir) 



rf{T,go)-l / / 

n n E En 

"=i \ je{i, ■•■,"} with \ d 1 d -i i^,eSd.-i ii»6L'"'(r) 

ordered disj,(qo,j)^u a.nd d^^l S/^-^,^ with ^ ^U-'^Tt-t^j l-^ > 

x''j~-'-C{X(l)'"j "''i .-^(-Ij^J^'j )\Xj 
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E E E E E 



V^kr^l^^r Z'rg/''-^ X^ir-ferg Y™'' -Ir g/™'' ^rGI]^ h with 

XrC{X(l)™r-fer , Y{ - Ij^r -ir ) 



n 

('^'''')(X{l)™''o-'='30,Y(-l)'"'Jo-'9o)\x'*'Jo n (-'-'^s^l('^'*){(X{l)'"a-fc^Y(-l)'"s-'s)\Xs)\X'^;>-i 



s = l 



+ lrfs=l(V^'*)(X(l)™s-'^sY{~l)™s-is)\xJ 



^ II 7'>'+l|| / ^'"'90 '^'90 '90 \ J 



n ((2'^'- - - /.)|| J|Mi,ooCoM-') 

{go,r}eL^«{T) 



li^l \ jG{l,---,n} with 

dis^(gQ,j) — u and dj^l 



"3 



• n ((2m, -K- k)\\Jl\+%^^coM-') yi 
= (coM-')"-' 

• n (4^'"^^"^"^"^ Vrii-(2m, - k, - /,) ( - 1 ^ (rf^. _ 1),^ . 

(4.20) 

By arbitrariness of go and the fixed variable W fixed-, || J^™^''"'"*"-'''''^^'"'''^"-*'^'^' 
can be bounded by the right-hand side of (14.201) . 

In the case that m = we fix any go ^ {!;■■■ 5 "^j a^id repeat the same calculation 
as above by setting kj, Ij to be for all j G {I,-- - ,n}. The only difference in 
the consequence is that H^^^^"*^!!! comes in place of ||^^^j|'^||i,oo- Since HJ^^^"*^!!! < 
(^L,/i/^)||</^'^"'^||i,oo, "we only need to multiply the right-hand side of (14.201) by the 
extra factor NL,h/h in this case. 

By substituting these results into (I4.17p . replacing the sum over trees by the sum 
over possible incidence numbers and using Cayley's theorem on the number of trees 
with fixed incidence numbers, we can deduce that 



ll^n>lll,c» < n 5Z 5Z ( TM ( TM ^E;Lim,-n+l>mlE"=ifc.=E;U'.= 
j=l \mj=lkjlj=0 ^ / V / / 



n /2mq-kq-lq\ — 2V 



n. 

q=l \ dq = l 
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n 

r=l 



U2mr-kr-lr-dr) u j>l + l 



rrir II l,c>o(2'n^r ^r) 
1 



{dr-l)\ 







n{n — 1) 



H E E 'I 



I 



j \ rrij II j>/_L]^ II I 1 1 

Co \\Jm, \\l,oo \ i-Y.7=irnj-n+l>rni-j:"k,=Y.;^-^lj=rn 



g=l \ da=l ^ 



irf,=2(n-l)- (4.21) 



By using the inequality that 2mq — kg — Iq < 2™' ikq+iq)/2+i 



By combining fl4.22p with fl4.2ip . dropping the constraints 'sj=E"-i 



U=mi 



^E"-i'^9=2(n-i) ^'^d summing over /cj,/^ (j = I,-- - ,n) we obtain the claimed upper 



bound. 



□ 



The following lemma will not be used until Subsection 14.41 Since its proof is close 
to the proof of Lemma SSI let us show at this point. 



Lemma 4.4. For any 171,171' G {0, ■ ■ ■ ,NL,h}, n G N>2, b G {free, tree} , X'^,Y 
G/i andle{Nf,,--- ,N,,}, 



< l^/>i(m'!)2/i-2™'25™'-3'"c™'-'"M-'("-i) 



n-l / NL,h 

n E^^-'CMrii.-hE-; 

j=l \r?ij=l 



m i +m' —n+l>m' 



Proof. By using anti-symmetry, 



9J,;^t'(X-',Y™') 



NL,h , ^ X 2m.j 

E U E ^S"'(X".,Y- 

-Yl ■ 1 ^ ' m ■ Til • 



x™^ ,Y'"J 



/i-2-'(m'!)2^ J] 

io=l \ 
ma \ 

■ 1e"=i,,^,o m,+m'-n+l>m^ ^ "^^m ( Ope(T, Ci(wep)) 

■ TeT„ \ 
n 

■ (^'° + v^)x™' (v^^° + v^)y"^' n + (v^' + 

q=l 

9#io 



Vje{l,--- ,n} 



(4.23) 
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We can see from Km that 9T|^(^)/9jf^t^(X™', Y™') = if m' = 0, since 

Ui,,r}eTi\ACi{we,)) + Ar,,{Ci{we,)))UU,^^^^ = 0- The 

equahty ( I4.23P leads to 



jo=lmjg=lA:jQ,/j(,=0 



niE E 



rrij \ I m 
kj 



• iE"=i"^j-n+i>miE;=ifc,=E;=i'.='n;;T E 11 

((w 



v 



■ X 



T6T„ q=l 

(mi,--- ,m„),(fci,--- ,A:„),(Zi,--- ,i„)^^-^^^A:i -yyfcnN /^'i 



r=l 



where 



■= /i'^io+'iol fc, ,1 , TT 



E E 



W*io ,X™',Z'J0 ,Y™',jo,(»ni,- ,m„),(fci,- ,fc„),(«i,--- ,«„) 



Ope(T,C;(wep))(^ 



/'x™'\w'°M 



JJ(V''')xm,-fe,(V''') 



9=1 



i/jj =0 
ViG{l,--- ,n} 



With the factor ^w'=.o,x;"',z'.o,Y™',io,{mi, -,m„),(fci, -.fcn),ai,-,^..) ^ ^^'^^^ depending only 
on W'=^o,X"'',Z'^o, Y""', jo,("^i,--- ,"^„),(A;i,--- ,A;„),(/i,--- ,^n)- It follows from 
(14.31) and the triangle inequality of the norm || ■ ||i that 



dT 



>i 



ajfe-^+\X™',Y"'^ 



< j: j: i„.„™- n E E ( :0 ( 7 ) 



jo=lmjg=lkjQ,ljg=0 



1 1 l II T(mir--,m„),(fci,---,A;„),(/i, ---,/„) II 



The estimation of \\JtjI 



tgt„ 

(mi,--- ,m„),(A;i,--- ,kn),(h,--- ,ln) 



1 



is parallel to that of 



II j^mi,-,m„),(fci,-,fc„),(/i,-,i„)||^^^ p^^^^ Lemma SSI Here we consider jo as the 

root of T, while this role was played by the vertex go in the previous lemma. By noting 
that 



h) 



E^ E 



W JO cX™- Z JO cY" 



'JO 

bo 



"JO 
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and letting di, ■ ■ ■ , be the incidence numbers of T we have 



I T(mi,--- ,mn),(ki,--- ,k„),{li,--- ,Z„) n 
Ktjo 111 



< h,<2m,-kj-l, (Vie{l,-,n}) I ^ 



m 



10 

■jo 



( 7- ) (coM-r-^ n luiriii, 



n 



^l{2mj-kj-lj-dj) 



{2m j - kj - /j) 



{d, - 1)! . (4.25) 



By returning the right-hand side of (14.251) to (14.241) and replacing the sum over trees 
by the sum over possible incidence numbers we obtain 



n,m 



aj,-^t'(X-',Y-') 

n I ^L.h rrij 

•H E E 

j=l \mj=lkj,lj=0 



< W>i/i-2-'(m'!)2^ 



1 



^ " n(n-l) 



^-i(n-l) 



rrii \ m 



kj 



n I 2mq-kq-lq . 

n (2m,-fc,-g ( 

g=i V da=l ^ 



^iTTiq kq Iq 1 



rfg - 1 



Then, the same calculation as in the last part of the proof of Lemma 14.31 yields the 
claimed upper bound. □ 

For compactness of the argument we assume the condition (14.131) throughout this 
section. The following lemma itself, however, can be proved under a weaker condition. 

Lemma 4.5. Fix any I e {iVg, ■ ■ ■ ,Nh}. Assume that (I4.13P and (14.141) for / + ! hold. 

Then, T-^{ip) is well-defined in @^=QVnl\V. Moreover, the following inequalities 
hold true. 



(Vme{0,---,iVi,,})- 



m=l 
NL,h 



(4.26) 

(4.27) 
(4.28) 



m=3 



M-^'^Yi'^^ d|J|'+ii,oo<(2'a-^)'M-('+i-^'') (Vj G {1,2,3}). (4.29) 

m=3 ^ / 



Proof. Proof of (I4.26P : The assumptions ensure that 



M-^''25co|| Jp'||i,oo < 2^«-\ M-""^ Y 2'"dl^^'+ii,oo < (2^«-^) 



m=2 
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which result in 

NL,h 

M-N, J2 J|'+ii,oo < 2^a-\ (4.30) 

m=l 

By substituting fl4.3UI) into the upper bound obtained in Lemma 14.31 we have 

oo 

mil 1,00 

n=2 

00 ^ 

where we used that n{n-i) ~ ^- '^^^^ imphes the well-definedness of T-\ip) and 

g26D. 

Proof of (14.271) : It follows from Lemma [4.31 and the inequalities 

2-3aM'-^/3(2-3aM'-^'9 - 1)-^ < 2 and 22™M-'^ < (Vm G N) that 

NL,h 



00 ^ 
' ^ n in — 1 I 



j=l \mj=l 1 m=l 



00 ^ 
1^ ^ nin — 1 I 



n=2 

■ W M-^^ Yl 2''"^Cll'/irii,oo 1 (2-3aM'-^'')^-^'"^ 



2-2«y _i_ 23a-iM-^^y 22Vc^M('-^'')(™-2)||^|m||^^ 
n{n — 1) ' 



71=2 ^ ' \ m=l 



00 



< 2-~^a V — ^ — -(2^a-iM)" < 2''a-^M\ 
^ ^(^ - 1) 

Proof of (14.281) : One can see from the definition of F^\ip) and (14. lip that 

j=m ^ ^ 3=1^1 

Substituting this inequality and using the inequalities aM^~^^{aM^~^f' — 1)^^ < 2 
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and 2^m-^ < 2^M-^ (Vj G N>3) yield that 

NL,h 

m=3 

NL,h j 

j=3 m=3 

NL,h 

i=3 

i=3 

Proof of ^Mj- By using the inequahties that < and 

jVf '+1-^/3 < ]vf('+i-^/3)('»-2) (Vm G N>3), 

m=3 ^ m=3 

m=3 

< {2^a-'fM-^'^^-''^\ 



□ 



Proposition 14.11 can be proved by repeatedly using the inequalities of Lemma 14.5 



Proof of Proposition The proof is made by induction on I G {Np + 1, ■ ■ ■ , Nh + !}• 
Set Umax '■= max{|Ai|, |A_i|, \Uc\, \Uo\}- The bi-anti-symmetric kernel F^^''-^^^-, ■) can 
be written as follows. 

^2"^'''^^((Pl> Xi, ai, Xi), (p2, X2, 0-2, X2), (?7l, yi, Ti, (?72, y2, T-2, 2/2)) 

= -/l^l^,=^2=y,=y2f/(Ai,A_i)((pi, Xi, (Ti), (p2, X2, (T2), yi, Ti), (772, y2, T-2)), 

where ?7(Ai,a_i)(-, ■, ■, ■) is defined in (12. 4p . This implies that 

WF^^^^^oo < ^Uma., (4.31) 

and thus by (14.131) . 

m=l bG{free,tree} 

Hence, f imj) holds for / = A^'^ + 1. 

Take any / G {A'^ + 1, ■ ■ ■ , N^} and assume that (I4.14p holds true for all / G 
{/ + 1, ■ ■ ■ ,Nh + l}. Remark the following equalities. 
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i=3 



NL,h 



(4.32) 

i^2- (V^) = i^2- "''(^) + T2^'+'(^) + ^2 / Jf + V^°)^i/ic,(V^°). (4.33) 

i=3 

Since 

^1 1 ^2-''''^'(^ + ^°)rf/^Q(^e,)(^°) 

= -\ ^ (lp=if/c + lpg{2,3}t^o)C«(p0cj0,p0a0)(w;ep)V^^^^^z^pxax 

- T 5Z (^'(-^lO' 3^i0)(^ep)^;e..^3;.. - CK-^iO, 3^20)(^e,)^^^,V'5;,. 

- CKi'20, 3^i0)(^ep)^^^,^y^,. + CiW, y2^){yoe,)i^^^^ijyJ 

"T^ E (CKi'iO,i'iO)(«;e,)^^^,^;e..-C/(3^iO,i'20)(^e,)V^3;^,^^^, 

^e[o,/3)h 

the equation fl4.32p . coupled with (14.121) . leads to 

IIFr'lli.oo <||Fr'+'||i,oo + WmaMM'-''- + M^.«-0 + 2%||fP^ - J^-^'^+'lli.oo 

+ \\T}'^%,oo + 22co||Tpi||i,oo + E jVo-^ II Jf+i 1,00. (4.34) 

i=3 

By the induction hypothesis we can apply (I4.26p . (I4.29P to derive the following from 
flt33|l . 



II p>« _ 7>Nh + l\\ 
11-^2 "^2 111,00 



NL,h / . X 2 



< ||fP^ - J2^^'^^^ II 1,00 + ||tP1i,oo + E ( 2 ) ^o-1^rii.oo 

< ||F^>'+i _ J|^'>+i||i,^ + 2-6co2M^''(26a-i)2M-('+^-^'') 
+ Co'M^''(22a-i)3M-('+^-^^) 

< (2-6co2(26a-i)2 + Co'(22a-i)3)M^^ ^M-(^'+i-^'') 

< 2-^Co'(26a-i)2M^'3M-('+i-^''), (4.35) 
where we have also used that M{M — 1)^^ < 2. Similarly we have 

11^2^'+! _ Jl^'^+illi,,, < 2-%-2(26a-i)=^M^''M-('+2-^,.). (4.36) 

36 



Then, by inserting fl06|) . fOOj) and (K36\f into flOIj) . 

II -^i"' II 1,00 

+ Co^(22a-i)3M^''M-('+i-^'') 

< ||i^i-'^'||i,oo + 9UrnaMM'-''' + M^''-') + 2'' Co\2' a-'f M""^ M-'^^+'-^^^ 

Nh Nh 

< 9U^a.Co 5^(M^-^'^ + M""^-^) + 2-^Co\2'a-'yM''^ ^ m-^^^+I"^") 

< 3QUma.co + Co ^(26a-i)2M^^M-('+i-^''). (4.37) 
It follows from flCTjl and flOTjl that 

M-^^«Co 5^ llJglli.oo 

f)£{/ree,tree} 

< 36UmaxaclM-''^ + 2i2a-iM-('+i-^'') + 2'a-^M-^'-''^^ 

< 36UmaxaclM-^^ + 2^'^a~^M-'^ + 2^a~^M-\ (4.38) 

Moreover, by using flOTD . (H^H]), flOTD . fOB]) and flOTD . 

^ a-c™M('-^'')(™-2) 5^ lldli.oo 

m.=l bg{/ree,tree} 

m=3 m=l 

< 36[/^axac^M-' + 2^2a-^M2^''-2/-i _^ 28m^'3-^-^ + ^U„^axa'^clM-^^ + 2^ 
+ 2*a-^M2 

< 2U^axa^clM-^P + 2^2a-^M-^ + 2®M-2 + 2^M-i + 2^a-^Ml (4.39) 

One can check that the right-hand sides of fl4.38p and (14.391) are less than 1 under the 
assumption (I4.13P and conclude the proof. □ 

4.4 An upper bound on the final integration 

Later in this subsection we will see that ( 14. ip is equal to the multi-contour integral of 

,A_i)={o,o) (« = 1, -1) if the coupling constants Uc-, Uo obey the sufficient 
condition for Proposition 14.11 to hold. Keeping this fact in mind, let us try to find 
an /i-,L-independent upper bound on \dJQ ''/9Aa|(Ai,A_i)=(o,o) I by using the results 
obtained in the previous subsection. This will enable us to bound (14. ip . too. We need 
the following lemma. 
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Lemma 4.6. Assume fl4.13p . For any b G {free, tree}, m' G {0, • • ■ , Ni^h}, X™ , Y 
G and I G + 1, ■ ■ ■ , N^} the following inequalities hold. 



E 

m=0 



(9T, 



(4.40) 



dJ. 



d.O 



E 

NL,h 

E E 

"i=0 a!G{/ree,tree} 

(VA G [2^M'+l-^'']). 



aj,-^V(X-',Y™') 



< /i-2-'(m'!)2(25co)-'. 



(4.41) 
(4.42) 



E 

m=0 



9f|'+^(x™,y^ 



m!(Aco)'" < /i-2™(m!)^((M'-^'^ + M^''-')co + Acq) 



(4.43) 



(VX™, Y'^G/™, X'^C ((ii,s),(A'2,s)),Y™C ((i'i,.),(i'2,s)) 
for some s G [0, /?)/,, VA > 0). 



m!(Aco)'" < 2(Aco)' (Va G {1, -1}). 



(4.44) 



Proof. Proof of flOUD : By Lemma |01 and the inequality that 2~^A{2-^A - ly^ < 2, 



NL,h 

E 

m=0 



aj,^i+Hx-',Y'"': 



b,m' 



00 n— 1 / J^L,h 

j=l \mj=l 



n=2 



m=0 



n-1 



< lm'>ih-^'"' {m'\f2{2''AcoT' 23A-^M-' ^ 22™A"cS'|| 



1,00 



n=2 



m=l 



(4.45) 



By Proposition 14.11 and the assumption that A < M'"*"^ we have 



NL,h 

2=^A~^M-^ E22"^A"^c;j^||J, 



m 111, 00 



m=l 



m=2 
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(4.46) 



By giving f l446|l back to fl445|l and remarking that M'^^'^^^l + 2'^Aa'^) < 1 and 
1 + 2'^Aa-^ < 2A, we obtain 



NL,h 

E 

m=0 



m 



aj^-^+'(X-',Y'"') 



< l^,>ih-^'^'{m'\)\2^Acor'M-^^~^Ph^Aj2{'^^(^~^T~\ 



n=2 



which gives the bound (14.401) . 

Proof of flOB : By Lemma lU and fICT]) . 



ajf^''+'(X-',Y-'l 



< lm'>ih-'"'{m'\)\2'cor' 5^(2'^a-i)"-^ 

n=2 

< U,>i/i-2'"'(m'!)2(25co)'"'2^a-i. (4.47) 



Let us characterize the derivative of F^\ip) with respect to J^-^^(X™'', Y™''), as it 
will be useful in the rest of the proof of (I4.4ip as well as in the proofs of (I4.42p , (I4.43P . 
If m < m' 



aj,^^V(x-',Y-') 



E 



■ ^X'",X'"',Y'",Y™' / (V^ )x'"'\X™('^ )Y'"'\Y™'^A^CK««ep)(V' ) j ('^)x'" (V") Y™ , 



where the factor e 

equality and (14. 3 p imply that 



G {1,-1} depends only on X™, X™', Y'", Y"^'. This 



9J,-^V(X™',Y™') 



E E 



^0. 



(^ 



jx^'yx™- (V''')y™'\y 



(4.48) 



By using (14. lip one can derive from (I4.48P that 



ajf^''+'(X-',Y-') 



which, coupled with (I4.47p . yields the bound (14.41 p . 

Proof of (14.421) : By using (I4.48P and the inequality that 



m' / , \ 2 

m 



E 

m=0 



m 



< (lm'=0 + lm'>l2 )2 



E 

m=0 



dF, 



>i 



9J,-^V(X™',Y™') 



m=0 



\Acoy 
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m=0 



2 



<h-'"''{m'\)'iAcor'J2( ) <(l-'=o + Wi2-')/^"'"'K!)'(2'v4co)"^'. 

(4.49) 



By combining (09|) with (OOj) one can obtain (02|) . 
Proof of (I03D : By applying (Hl2|) to (ICTD we have 



E 

m=0 



dF 



m!(Aco)' 



m / ^ \ z 

< /i-2™(m!)2 ^ ( ^ J (m-m)!m!((M'-^'' +M^''-')co)"(Aco)"^ 

m=0 ^ ^ 

Proof of (14.441) : The claimed inequality follows from (14.31) and the equality 

qF>Nh+ii^\ 1 _ _ _ _ 



□ 



Corollary 4.7. Assume (I4.13p . Ta/se any / G ■ ■ ■ jA/'h}, d G {free, tree}, m e 
{0, 1, ■ ■ ■ , A^L,ft} and X"^, G Moreo?;er, assTime i/iai m = Oifl = Np. The 

following statements hold true. 

(i) J^^(X™', Y™) is analytic with respect to the independent variables 

'^fi"^'(X"^',Y-') {h e {/ree,tree},m' G {0, ■ ■ ■ , iV,.,^, X™', Y™' G (/l,^)^ ) ^n 
the domain characterized by (I4.14p for I + 1. 

(a) The function {Xi, X^i,Uc,Uo,w) i— )■ J^^(X™',Y™') zs analytic in the domain 

{{Xi,X.,,U,,Uo,w) G I |Ai|,|A_iU[/,|,|f/o| <2-^a-V^'^^«^eD^}. 

(4.50) 

Remark 4.8. Since the inequality (I4.14p for Z + 1 is independent of J^-q^^ {b G 
{free, tree}), the claim ([i]) implies that J^^(X'",Y'") is entirely analytic with re- 
spect to the variables J^q^^ {b G {free, tree}). 

Proof of Corollary \4.T\ The inequalities (I4.4ip . (I4.42p imply the claim (ji]). It is triv- 
ial that {Xi,X_i,U„Uo,w) ^ Jfj^,^+^(X™',Y"') is analytic in fOU]) for all b G 
{free, tree}, m' G {0, ■ ■ ■ , Nl^i,}, X*"', Y™' G Then the analyticity of 
J^^(X'", Y™) with respect to (Ai, A_i, Uc, Uo) follows from the claim (ji]), Proposition 
14.11 and the analyticity of composition of analytic functions. Assume that for some 
/' G {/,■■■ ,Ar4, jg+^X-^Y-') (be {free,tree},m' G {0, ■ ■ ■ , AT^,,}, X™', Y™' G 
I^fJ are analytic with respect to w G D}^. For any g G {0, ■ ■ ■ ,NL^h}, X'', Y'' & 
the analyticity of Fg^''(X'', Y^), r|^'(X^Y'?) {n G N>2) is clear since these consist 
of finite sums and products of J^,' '*'^(X™', Y™') and Cii{wep), which are analytic in 
L)^. Moreover, the proof of the inequality (I4.26P shows that Yln=2'^n!qO^'^ ^^'') ^o^" 
verges to Tg-''(X'', Y'^) uniformly with respect to w G Dr as j oo. This implies that 
rg^''(X'?, Y«) is analytic in D^^. Thus, the induction concludes that w j|i(X'", Y'") 
is analytic in D^. □ 
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Proposition 4.9. Assume (14.131) . The following inequality holds for any a G {1, — 1} 

and {Xi, X^i,Uc,Uo,w) contained in the domain fl4.50p . 



1 



dJi; 



dXa 



Proof. Let us assume that a = 1. The proof for a = — 1 is essentially the same. By 
Corollary 14.71 we can apply the chain rule to derive the following. 



1 



>Ng 



dXi 



< 



1 



l=Np \rni=0 bi£{free,tree} x™i ,Y™i &(lL,h)T'^ 
>Nh+l 



Lmjv^=0 



Nh+1 

i=Nf, 



dXi 



n 



(4.51) 



where 



Cr{1) :-- 



1 



HE E 

n 



OJVi+l:'"iVi+l ^ ' 



dXi 



lm]v^=olfe;=/ree(V/e{M'"+l,--- ,Afh+l}),fej-_-^=iree 



9JrL (X™^Y^ 



Let us decompose YI^-m^ Cr{1) into X^rl^^"^ C'ij(/) and YI^-m^ o estimate 
each part separately. In the following calculation we use the equality (14.21) repeatedly. 
By using flOT]) . f l4^ . fli:!!]) in this order, 



Ng+1 



/3 



H E E 



dXi 



n 



X™J cX'"j+i ,Y'"J cY'"j+i 



d£{free,tree} 



aF|;j*;'(X'"'^/3+SY'"-/5+i) 



< 



/3 



H E E 

l=Nj3+l \ni;=Ox™i,Y™ie(/L,h)r^ 



■ hx<^lO,l3),,,3u,C&2 s.t. X'"^h+i=((;e,(i),x),{A'„(2),x)),Y'"^h+i=((y^(i),x),(y^(2),x)) 
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j=Np+l 



NL,h 



< 



/3 



X™J cX^J+i ,Y'"J cY^J+i 



Co 



J=Ni3 + l 



J=Np+l 



(4.52) 



By applying flOT]) . (CTJ]) . (g^SD, in this order and recalling the 

condition f l4.13p we observe that 



Nh+l 



Nh+1 ^ Nh+l I NL,h 



EcH(/)<E^n E E 



l=Np+2 
Nh 



/3 

i=Np+2 1=1-1 \™i=Ox™i,Y'"ig(/i,h)r 



9F|^•(X-^Y^ 



< 



n 

■/i-2™^-i(m,'_J)2(22('-2-^^)25co)™'- 

E^n E E 

l=Np+2 l=i \™i=Ox'"!,Y™!G(/L,h)r' 



9T^'-i(X'"i-i Y™?-i 



Nh 

n 



9F|^■(x-^Y^ 



■/i-2™f(m,'!)2(2=^('-i-^'')25co)"^'2i=^a-iM-('-i-^'')22('-2-^'') 
<2 5^ K^(M'-^''+M^''-')co + 22('-i-^^)2% (22m-1)'-i- 

[=Ar^+2 \ l=i J 

Finally by putting (H3T]) .f H3^ .f H3^ together, 



(4.53) 



1 



9Ai 



A^h+l / Nh 

<2 ^ K^(M'-^'^ + M^''-')co + 22('-i-^'3)2% I {2^M-'y-' 
i=Nfi+i \ i=i 



-l-Nfi 



V/3- 
Nh+1 



< 2(4co + J2 (2'M-i)'-i-^'^ < 2(4 + 2'ycl (l-j) < 2'^cl. 

i=N!3+l 



□ 



Here we can give the proof of Theorem 11.11 
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Proof of TheoremUJi Assume that M = max{78E^„^, 2^} and a = 2^^M^. Then, if 
|Ai|, |A_i|, |f/,|, \Uo\ < 2-^a-2co^M^'3, the condition dj^ holds. 

By Lemma [22] (0) 5 for any sufficiently large h G 2N/ /3 there exists a domain Oh C C 
containing the interval [-2-'^a-'^c^'^M^f , 2-'^a-'^c^'^M^P] inside such that (f/c, Uo) ^ 
{d/d\)\og{j e^(^'^'^'^^(i/ic(-?/'))|A=o is analytic in Oh x Oh- Let us fix such a large h G 
2N//3. 

By the construction of G^^'^ and J^^'' and Corollary 14 .71 (1111) there exists U small > 



such that Jq'^'^ = Gq"'^ holds and (Ai, A_i, Uc, Uo, w) (-> Jq"'^ is analytic in D 



,>N, 



small 

D]^. In order to indicate the dependency on the variable w, let us write Jj" '^{wSp), 
G^^^\wep) instead of G^^". Then for any n G N with 27m/ L + TtA^/ir^) < R 

and (Ai,A_i,[/c,f/o) G Di^^^, 

i'2TTa/L 



E n 

aG{l -1} j=l 



2n 



d9aj 



2m 



9 ^>Np 



d\a 



«'a,j-Sa,j|=-?^t,/3(8/vr2)/n 

n. 



jGp 1 



•J I 



dXa 



'0 



0. 



On the other hand, Corollary 14.71 dn]) implies that 



,,l=.Ft,^(8/7r2)/n 



[WaJ - Oa,j) 



dXa ' 



J Bp 



Ai=A_i=0 



is analytic in {(f/c,f/o) G | \Ucl \Uo\ < 2-^a-^CQ^M^P}. Therefore, by Lemma ES 
(pnj) . the identity theorem for analytic functions ensures that 



A=0 



E n 

ie{i-i}j=i 

}__d_ >7V, 
/3aA/° 



l'2TTa/L 

2^ 



d9. 



27ri 



.,,|=J-t,^(8/7r2)/n 



t-'n 



E 



Ai=A_i=0 



(4.54) 



for all Uc, f/o G M with If/J, \Uo\ < 2~^a-'^c^'^M^P . Then by using Proposition US] and 
n"^ < n!e" we can estimate (14.541) as follows. 



27r 

< 2^^cln\e''J^tA^/'K^ 



1 d 



A=0 



(4.55) 



Note that the inequality (I4.55P for n = can be derived in the same way. By Lemma 
12.21 ([n]) we can send /i — )• oo in (I4.55P so that 



27r V 
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< 2i=^cgn!e"j;,^(8/7r2)-". (4.56) 

As we have fixed the parameters arbitrarily in the beginning of Subsection 14.2^ we can 
claim ( Kmi for all n G NU{0},p G {1,2}, f/„ f/^ G R with \U^\, |f/„| < 2-'^a-^Co^M^i^ 
and sufficiently large L G N. 
Set 

By remarking (13.21) and (14. 9 P we can confirm that 

h{E^a.) max{l, > 2^«2c2^-^^ ^(^^a.) max{l, P'^} = 2^^cl 

fi{Emax), f2{Emax) are nou-dccreasing with respect to E^^ax e R>i and fi{Emax) = 
0{EZx), f2{E^ax) = 0(Ef,J as ^ oo. 

It is straightforward to derive the following inequality from (14.561) . 

K^^.^^.^J'^V'i;, + h.c )J < /2(i?„„.)max{l,/3i6} 



+ 1 



X]j = l(*(*j)*;j-^('fj)yj).<=p)/-L_^ 



^max{l, t^} max{/3, 



for any f/c, f/o G R with |f/c|, |t/o| < (/i(i?max) max{l, /3^^}/3)~^ and sufficiently large 
L G M. Finally by Lemma ID. 21 proved in Appendix [D] we can take the limit L — )■ oo 
and complete the proof. □ 



A Derivation of the covariance 



In this part of Appendix we derive the representation of the covariance (12. ip . (12. 2p . 
Define the 3 x 3 matrix M^\ = (Mfj,(p, r]))i<p n<3 (k = (h, ^2) G T*, t G M, a G {t, i}) 
by 



til 








We see that Ho = E Jp^-M-j^y), E<xe{t,i} 1^ Sker- ^^^'^ ^'''^^"k(/^. ^)^pxa^w- k G 
r*, t G M, a G {t, 1} and p G {2, 3} set 



A:{t,k) 



e'^ if k = (vr, tt) in T* or t = 0, 
otherwise, 

if k= (7r,7r) inr* or t = 0, 



2 



~ + 8 Xlfcil^ + "^os fcj) otherwise. 



Recall dSSD, i.e, E{t,k) = 2t'^J2^.^ii^ + coskj) (t G M,k G T*), and define the 3 x 3 
matrix U^ y. = (U^ i^^p, r]))i<p,r,<3 by U^ ^^^p, r]) := 6p^n if k = (tt, tt) in T* or t = 0, 







((Af(t,k)-e?)2+i?{t,k))V2 ((AJ(t,k)-e?)2+i?{t,k))l/2 

f(l+e'''=2) f(l+e''°i) f(l+e''°i) 

£;(t,k)i/2 ((A|(t,k)-£g)2+£;{t,k))i/2 ((A|(t,k)-£g)2+£;{t,k))i/2 

-tCl+e-'''!) f(l+e''°2) f(l+e''°2) 



V i?(t,k)l/2 ((A|(t,k)-e-)2+S{t,k))l/2 ((A|(t,k)-e-)2+S{t,k))l/2 / 
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otherwise. One can check that U^^^ is unitary and 

/ A'^{t,k) 
{K,i.rMl^l{l^= \ AUt,k) |. (A.l) 
V AUt,k) 

By using Wi'^j^ let us define the matrix Wt = (Wtipxa, ?7yr))(p,x,a),{»?,y,r)G{i,2,3}xrx{t,i} 
by Wt(px(j, ?7yr) := ^ Sker* 77). One can also verify that 

(W/Wt)(px(T, r^yr) = l(pxcr)=(T;y t)- With the matrix Wt define the operator G(Wt) : 
F^(L2({1,2,3} X r X {t,i'})) ^FfiL\{l,2,3} xTx {14})) by 

G{Wt)n ■= n, 

(n e N, (p„ X,, a,) G {1, 2, 3} X r X {t, i} (j = 1, ■ ■ ■ , n)), 

and by linearity. Here the notation Q represents the vacuum of Ff{L'^{{l,2,3} x 
r X {t, ;})) and iWtr)p.a ■■= E (-y-) Wtipica, r/yr)^* . The operator GiWt) 

e{i,2,3}xrx{t4} 

is unitary. By letting (W^t^/')pxo- denote E (''■y.^) W^t(pxcr, r^yr)-?/'™,-, we observe 

6{l,2,3}xrx{t.-l-} 

that G{Wt)Ho(l) = HoG{Wt)(t) for any G 2, 3} x T x {t,i})), where 

^0^= E E ;^E^^^''"''''^^^k(P,^)(W^tV^*)px.(W^^),y.. 

(p,x),(j7,y) cre{t,4,} ker* 

e{i,2,3}xr 

By using (lA.ip we have 

E EE f]^5E^"'--"'"-4^('.i'))'A;.,* 

pG{i,2,3}x,yer(7G{t,4.} V ker* / 
For (p,x,a,x), (r/,y,r,y) G {1,2,3} x T x {t,;} x [0, /3) let 

r^^A^) := e^^V;x.e-^^°, ^,y.(2/) := e^^V^yrC"^^", 

^(^pxa(a;)^r,yr(l/)) := l:,>j,^;x<, (x) V^,,y^ (y) - l^^y^J^yri^Wp^A^) ■ 

The unitary property of G{Wt) implies that 



pycr- 



C{pxax,T]yTy) = ^ iyi(pxo-, p'xV)W^t(wr, ^y'r') 

(p',x',<T'),(rj',y',T') 

e{i,2,3}xrx{t4} 

Tr(e-'^^oT(V;* (x)V^,,yV'(2/))) 



(A.2) 



Since i^o is diagonal with respect to p G {1,2, 3}, the characterization of 
Ti{e~^^°T(tp*,^,^,{x)ipr,'y'T'{y))) / e''^^^ can be carried out by a standard argument. 
See, e.g, ^ Appendix B] for the derivation of the covariance governed by a free Hamil- 
tonian defined on Ff{L'^(T x {t?!}))- As the result we obtain 

Tr(e-/^^oT(^;,,,^,(x)^,.yv(l/))) 
Tre-^^o 
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Substituting f lA.Sp into f lA.2p yields that for (p, x, a, x), (?7,y,r, G {1,2,3} x F x 
{t,i}x [0,/3), 



C(pxax,r/yr|/) =^ ^ ^ g-i(x-y,k>g(x-yM^(t,k) 

7G{1,2,3} ker* 



1 1 



1 + e/3A^(t,k) ^ _^ g-/3A-{t,k) 



Wfk(p,7Kk(r/,7)- (A.4) 



Moreover by applying [61, Lemma C.3] to the right-hand side of flA.4p one reaches the 
equality that for (p, x, a, x), {rj, y, r, y) G lL,h, 



(k,a;)Gr*x>!h 7G{1,2,3} ^ 

We need to show that for any (k, u) eT* x Mh, p, r/ G {1, 2, 3}, t G M, cr G {t, i}, 



^ i^"k(P.7Kk(^.7) _ 

where i3^,^(k, is written in ( 12. 2p . The equality f lA.Sp can be confirmed by direct 
calculation. To assist the readers' verification, we present some intermediate results 
appearing in the calculation. The functions OJ(-) : — )■ C (j G {1, ■ ■ ■ ,5},cr G 
{t, i}) in fl2.2p are in fact given as follows. 



(A.6) 



From (IA.6P one can see that (12.30 holds. 

First assume that k = (tt, tt) in F* or t = 0. In this case Eit^ k) = and thus 
'D'^(k, w) and A/'^^(k, given in (12. 2p are simplified as follows. 

P"(k,u;) = h^{\ - e-W^+^?//^)(i _ ^-i^lh^^iih-^^ Ml^i^.uj) = h{l - e-^-Z^+^o/'^), 
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Ar;:,(k,u;) = (V(p,r^) G {1, 2, 3A{(1, 1)}). 

By using these, the equahty (lA.Sp can be confirmed in this case. 

Next consider the case that k ^ (tt, tt) in F* and t 7^ 0. To organize the calculation, 
set f{w,A) := h{\ - g-W/^+A/ft)^ Remark that for p G {2,3}, 



/(a;, k))/(a;, k)) = I?-(k, u;), 

k) - elf + E(t, k))((A^(t, k) - elf + k)) 
= AE{t,\^f + E{t,\^){e:-e:f. 

By using these equalities we observe that 

(The left-hand side of (ICT) for (p,!]) = (1, 1)) 
= (/(u;, Al(t, k))(A^(t, k) - 6:)2((A^(t, k) - elf + k)) 

+ /(a;, k))(A^(t, k) - e:f{{Al{t, k) - elf + k))) 

• /((4E(t,k)2 + E(t,k)(e^ - e:ni)'^(k,a;)) 
^ (4£;(t,k)^ + i^(t,k)(6- - elf)Nl,{\.,u) ^ 

(4E(t,k)2 + E(t,k)(e--e-)2)I)'^(k,a;) ^'^^ 
(The left-hand side of (jAj]) for (p, r/) = (1, 2)) 

= t(l + e*) (/(u;, A^(t, k))(A^(t, k) - 6^)((A^(t, k) - e^)2 + E(t, k)) 
+ /(cu, A^(t, k))(A^(t, k) - e:)((A^(t, k) - elf + E(t, k))) 
• /((4E(t, kf + E(t, k)(e^ - e:)2)P'^(k, c)) 
(4£;(t, k)2 + E(t, k)(e^ - e^)2)Ar{;2(k, u;) 



l/2\ 2n+lN 



(4E(t, k)2 + E(t, k)(e- - e-)2)I)-(k, a;) 



i3^,(k,a;). 



(The left-hand side of (jD) for (p, r^) = (2, 2)) = — , + 2^2(1 + cos 

Note that 

-1 



£;(t,k)/(a;,Af(t,k)) ^((Aj(t,k)-e-)2 + i?(t,k))/(a;,Aj(t,k)) 



E(t,k)/(u;,A?(t,k)) \ ^(2n)!/.2- 

,0- , 

n=0 
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n=0 

a_^^<T °° 1 fie'' - -''^'^ 

. 1^-- c^'-o S. ^ -1- /It, 



n=0 



+ 



(2n)!/i2«-2 2(2n + l)!/i2"-i 



/(E(t,k)/(u;,A^(t,k))P'^(t,k)) 
2 2 ^ 



(T\2 



^ + k) - h'e 



e-f-+^)05-(k) 



■/(/(a;,A^(t,k))I)'^(t,k)). 



(A. 



By inserting f lA.Sp into flA.7p we obtain (lA.Sp for (p, r]) = (2,2). Moreover, by using 

(MD, 



(The left-hand side of ^KEj for {p,r]) = {2,3)) = r{l + e"*'^^)(l + e 

3 



ik2 ' 



-1 



£;(t,k)/(a;,A?(t,k)) ^((Aj(t,k)-6^)2 + i?(t,k))/(u;,Aj(t,k)) 

A/"2':3(k,c^) _ _ . 
/(c.,A?(t,k))I)^(t,k)-^^-^^^''"^- 



By using the results for (p, r^) = (1, 1), (1, 2), (2, 2), (2, 3) and symmetries, (1A.5I) for 
(p, r]) = (1, 3), (2, 1), (3, 1), (3, 2), (3, 3) can be immediately proved. Thus, the repre- 
sentations f l2.ip . fl2.2p have been derived. 



B Convergence of the Grassmann integral formu- 
lation 

In this section we sketch how to prove Lemma 12. 2[ With a parameter A G C let us 

introduce the modified Hamiltonian Hx by Hx := H + ^{4^*^ V'^ '^j>2^yi ~'~ h-^)- 

lows that Hx = Hq + Y, ^1.^2.^1.^2 U^x,\)iXi, X2, Fi, Y2)^jJ*x.^|J*x,'4'Y^^Y2, where U^x,\) 

e{i,2,3}xrx{t.J-} 

is introduced in (12.41) . The partition function Tr e~^^^ / Tr e~^^" can be expanded as 
a perturbation series by straightforwardly following [6^ Appendix B] . 

Tr e-f^^^ 



Tr e-/5^o 



00 ^ n / 

1 + — j- JJ^ I / dS2m-lU{X,X){X2m-liX2m,Y2m-l-,y2m) 



n=l m=l \ -f2m-1.^2m."''2m-l."^2m 

e{i,2,3}xrx{t,J-} 



det{C{XpSp,YgSq))i<p^q<2n\ S2,=S2,_^ ' (^•^) 
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Let the function P(A, Uc, Uo) (: C) be defined by tlie right-hand side of flBlD . 

Moreover, by replacing the integral over [0, /3) in the right-hand side of (IB.ip by the 
Riemann sum we can define the discrete analogue of P. 

Ph{X,U,,Uo) := 

n=l ' m=l \ ^2m-1.^2m'y2m-l.'*2m S2m-- 1 £ [O,/?);, 

6{l,2,3}xrx{t4} 



l<p,q<2r. 



S2j=S2j-l 
Vj6{l,--- ,1} 



The function Ph uniformly converges to P in the following sense. For any U > 0, 

lim sup \PhiX,U,,Uo)-PiX,U„Uo)\=0. (B.2) 

''^^''/^ \X\,\Uc\,\Uo\<U 



To prove the convergence property flB.2p we need to use the determinant bound of the 
following form. 

I det{C{pp:s.p(TpXp,r]gygTgyq))i<p^g<n\ < Ci{L) ■ C2{L)'^, (B.3) 

where the constants Ci{L), C2{L) > may depend on L, but are independent of 
n and how to choose (pp, Xp, (jp, a;^), {r]p,yp,Tp,yp) e {1,2,3} x T x {t,4} x [0,(3) 
{p = I,-- - ,n). The bound fIB.Sp can be verified as follows. We can choose the 
operators Ai, A2, ■ ■ ■ , from {e''''^°ip*p^^^„^e~''p^° , e^*'^°^/'^j,yj,rpe~^f^°}p^i so that 

I det{C{ppXpapXp,r]gygTgyg))i<p^g<ri\ = \ Tr(e"^^MiA2 ■ ■ ■ A2„)|/Tr e~^^° 

- Tre-'^^o ^ ^ 

where ||-f^o|| denotes the operator norm of Hq. 

Let us recall that in [7| Lemma 3.4] Pedra-Salmhofer's determinant bound [HI 
Theorem 2.4] was applied to prove the essentially same statements as Lemma 12. 2[ 
Though we do not have a volume-independent determinant bound like [9l Theorem 2.4] 
on our covariance C at hand, the crude bound flB.3l) sufficiently works to show flB.2p 
in the argument parallel to the proof of [71 Lemma 3.4]. 

The following equality directly follows from the definition of the Grassmann Gaus- 
sian integral and Ph- 

j^(^'^)Wd/ic(^) = PhiX, f/c, Uo) (V(A, f/e, Uo) e C^). (B.4) 

Since iiaf(x,Uc,Uo)eM.3,\x\,\Uc\,\Uo\<uP{X,Uc,Uo) > 0, the uniform convergence property 
(IB.2P and the equality flB.4p ensure the claim of Lemma 12. 2[ 

By using [51 Lemma 2.3] and (IB.2p we have for any Uc, Uo E M. and 6 > 0, 



i^^A^y.'l'y. + h-c)^ = logP(A, [/„ Uo) 



ld_ 

pdX 

11 1 i PiX,U,,Uo) 



A=0 



(3P{0,U,,Uo)27nJ\x\^s X 
49 



~ lim ^logP,(A,f/„f/,) . (B.5) 

hg2N//3 



Substituting flB.4p into the right-hand side of fIB.Sp yields the claim of Lemma [221 



C Logarithm of Grassmann polynomials 

The aim of this section is to extend the notion of logarithm of Grassmann polynomials 
summarized in [3J to be available for Grassmann polynomials with complex constant 
terms. In the following let fo,go G C denote the constant term of /, G /\ V, respec- 
tively. 

Definition C.l. For / G /\V with Re/o > 0, log / G AV is defined by 

log/:=log(/o)+X:^^^-^J ' 

where log2 := log \z\ + i Arg2;, Arg^; G (— 7r/2, 7r/2) for 2; G C with Kez > 0. 
Recall that for / G A "1^> e-^ G A "1^ is defined by 



n 

n=0 



It was proved in [3l Problem 1.2] that for any f,g^/\V satisfying fg = gf, 

ef -e^ = e^ -ef = e^+^. (C.2) 

The following equality was also shown in ^ Problem 1.4 b)]. For any f E /\V with 

/o G M>o, 

e'°*5^ = /. (C.3) 
The multi-scale analysis in this paper needs an extension of (IG.Sp . 

Lemma C.2. For any f e /\V with Re/o G M>o, e'°s/ = /. 

Proof. Take / G A V with Re/o > 0. Since logd/oH = log(/o) + log(7o), 

log(/o ■ /) = logd/oH + J2 ^° I, = log(/o) + log/. (C.4) 

It follows from ( IC.Sp that 

eiog(ib/) = y-.j. (C.5) 
By using fin:2|) . flU^ and flU^j) we observe that 

glog/ _ g-log(/o)+log(/o7) _ g-log{/o) . glog(/o-/) — }_ . j — j 

fo 

□ 
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D Existence of the thermodynamic hmit 

Here we show that the correlation function ("^^^"^^^ ^5)2^^3)1 +h.c)^ converges to a finite 
value as L — 00 if \Uc\, \Uo\ are smaller than certain value. The idea of the proof is 
similar to [3 Appendix B] and based on the perturbative expansion of logarithm of 
the Grassmann Gaussian integral. We also use the following lemma. 

Lemma D.l. (i) For any (p, x, a, a;), {i],y,'^,y) G {1,2,3} x x {t, 1} x [0,/3) 
with X ^ y, 

|C(pxaa;,r/yry)| < — — ^^f""^' ^^ — ^, 

where the constant c{Emax,f^) > depends only on E^ax one? /3. 

(11) For any (p, x, a, x), (r/, y, r, y) G {1, 2, 3} x x {t, 1} x [0, (3), 
limL^oo,LeNC(/0X(jx,r7yry) exists. 

Proof. (0): Take any (p,x,a,x), {r],y,T,y) G {1,2,3} x Z^ x {t,i} x [0,/3). By using 
the notations introduced in Appendix IXl set 

7G{1,2,3} 



Wfk(p,7Kk(^,7)- 



By (IA2D, C(pxax,r7yry) = ^2 Eker* e~*<''-^''^>^7L,(p,.,x.),{^,r,y)(k). Since \U^^^{p,l)l 
\^t,kiv,l)\ < 1, \gL,{p,<T,x),{v,r,y)(X)\ < 3. This implies that |C(px(TX, r^yry)] < 3. 

Let us additionally assume that x ^ y. In this case we can expand 5'L,(p,o-,x),(r?,T,y)(k) 
as a sum over '7r(2Z + l)//3 so that 

C(pxax, nyry) = E e-<->'''^>e^(^-^)-S,%-(k, a;), 

ker* a;e7r(2Z+l)//3 

where 



7e{l,2,3} 

We can see from (lA.Sp that i3^',|^(k, w) = lim/j_j.oo,/iG2N//3 ,,(k, w). Thus by setting 

2 2 

I?'^'-(k,a;):= (^a; - 1(6^ + e^)) - ^(e^ - 6^)2 - 2t2 ^(1 + cos fc,), 
V / j=i 

it follows from (Q that for any k = {h, A^s) G F* and 00 G 7r(2Z + l)//3, 
S[f (k,u;) = (k,a;) = S[f (k,u;) = ((A;2, A;i), u;) 

|oo-,oo/i \ ncr.oo / 1 \ (oCT.00/1 \ 1 I 2t (1 -|- COS/Ci) 

^2,1 = ^51,2 (-k,a;), i32,2 = + 



2,3 V , ; (iw -ej)r''^'°°(k,a;) ' 3,i v . ; 1,2 v v 2, 1;, 
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Periodicity with respect to k G F* guarantees that for p G {1, 2}, 



g-i(x-y,k)gj{a;-j/)a; 



Note that for any k G M^ w G 7r(2Z + 

|P"'°°(k,a;)| > max{|Rer'"'°°(k,a;)|,|ImP"'°°(k,w)|} 

By using flD.2p we can estimate the equahty f lD.ip and deduce that 

^ (e^^^''--'^^) - l) ' \C{p^ax,^yry)\ < i Yl "^^^^ < c{E^a.,P). 

<^G7r(2Z+l)//3 

(D.3) 

By couphng (]D.3p with the bound |C(pxcrx, "^/yr?/)! < 3 we obtain the inequahty in ([I]), 
(jn]): Remark that for any (p, x, a, x), y, r, G {1, 2, 3} x F x {|, |} x [0, f3), 

C{p^ax,r]yTy) = ! dpi [ rfp2^L,(p,x,a,x),(,,,y,r,j/)(Pi,P2), 

where gL,{p,^,a,x),iv,y,r,y){Pi,P2) ■= e'^^'^'y'^'^ gL,{p,a,x),iv,r,y)iki, h) with % G {-vr, -vr + 
27r/L, ■■■ , vr — 27r/L} satisfying that G [kj,kj + 27r/L) (j = 1,2). Since k i— >■ 

5'L,(p,t7,x),(r,,r,y)(k) is COUtiuUOUS in (-vr, TtY by definition, hmL_^oo,LeN^L,(p,x,a,x),(r,,y,r,y)(p) 

exists for any p G (— 7r,7r)^. As we have seen above, \gL,{p,x,a,x),(v,y,r,y){p)\ = 
\gL,{p,a,x),{rj,T,y)(M)\ < 3. Therefore, the dominated convergence theorem concludes that 

hm C{pxax,r]yTy) = — ^ / dp hm gL,(p,yc,a,x),{v,y,T,y){p)- 



□ 



Lemma D.2. Assume that Uc, Uq and f l4.13p holds with cq defined in fl4.9p . Then, 
(V^^ "^3)2 ~'~ converges to a finite value as L oo (L eN). 

Proof. Fix f/c, f/o G M with \Uc\,\Uo\ < 2-^a~'^cf M^p . It follows from Lemma 0® 
and fH3D for n = that 



he2N//3 ae{l,-l} " 



(Ai,A_i)=(0,0) 



Thus, it suffices to prove the convergence of 

lim lim — 
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lim lim V -^J^'i'^) ■ (D-4) 

L^cx) h^oo .iL^ (Ai,A_i)=(0,0) 



LSN he2N/;3 ae{l,-l} " " 



In order to make clear the dependency on Uc, Uo we write 



(Ai,A_i)=(0,0) 



in place of ((9/9Aa) Jq'^''(0)|(Ai,a_i)=(o,o)- We can take e > such that (1 + £:)|t/c|5 
{l+e)\Uo\ < 2-^a-'^c^'^M^^. By CoroUaryOdli there is a domain D^(ZC containing 
the disk G C | \z\ <1 + e} inside such that 



ae{l,-l} 



(Ai,A_i)=(0,0) 



{zUc, zUo 



(Ai,A_i)=(0,0) 



(f/c,f/o) 



is analytic in Do- Thus, 

ae{i-i} 

Moreover, by Proposition 14. 9[ for any n G N U {0}, 

n\\dzj \ A-^^.d\a (Ai,A_i)={0,0) 



{zUc, zUo) 



2 = 



2=0 



|2| = l+£ 



ae{l,-l} 



(Ai,A_i)=(0,0) 



{zU,,zUo] 



Since " is summable over NU{0}, the dominant convergence theorem guarantees 

that (1D.4P converges if 



lim lim 

L—^oo h-^oc 



^ ^ \ae{l-l} " 



(Ai,A_i)=(0,0) 



{zUc, zUo) 



2=0 



(D.5) 



exists for all n G N U {0}. 

Again by (14.541) for n = we can write for any x G R with \x\ < 1 + e that 



ae{l-l} 

- A 



(Ai,A_i)=(0,0) 



{xUc,xUo 



log( / e^(^.^)('^)d/icW {xU,,xUo), 



A=0 



(D.6) 



which implies that 



ae{l,-l} 



(Ai,A_i)=(0,0) 



(0,0) 
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-/3(det(C(A'pO,3^,0)) + det{C{ypO, XgO)) 



1<P,'J<2J 



Thus, Lemma [D. II proves the existence of (ID.SP for n = 0. 
It foUows from (ID.6P that for any n G N, 



^ \ae{l-l} 



(Ai,A^i)={0,0) 



{zUc, zUo) 



2=0 



9 



d 



n+l 



dX Wn + 1)! \dx 

d 

g^VoTreein + 1, C, V(A,A)) 



log 



x=0 



A=0 



A=0 



Recall that Tree{-, ■, ■) is defined in (14.71) . In the expansion of VoTree{n + 1, C, V(a,a)) we 
apply the operator Y[{q r}eTi^g,r{C) + Ar,g(C)) first and then erase the rest of Grass- 

mann polynomials by the operator e^'?.'-=i By recalling the notation 

fl4.18p we observe that 

^VoTree{n + lX,V^X,X))\ 

oX ' ' Ma=o 



aG{l -l}TGT„+i xie[0,(S)h 
( 

n 

i=2 



P,e{l,2,3} 



3 3 3 3 
S{t.i} 



■|)=(t,U,t)/^ 



,1)7, 5Z 



(xj,Xj)Grx[0,/3)h 



n ( E E E y-^'^-') 

{l,r}&L\(T) \fc{l,r}=l '{l,r} = l fc{l,r}e{l -1} 

n+l / ^ 2 

g=2 {g,r}GLi(T) \fc{,,r} = l ^{,,r}=l fe{,,r}6{l -1} 
/(T, a, {fc{g,T-}, hq,r}-, &{g,r}}{g,r}Gr, C), 



7*:{l,r}i'{l,r}i^{l,r} 



(D.7) 



where 



C{Xk^^^^^Xi, pryir^l Xr) if = 1, = 1, 



C(prXrCr[^^ ^jXr,>'fc{i,,)a;i) if a = 1, = -1, 

C{yk{^,r}^l,Pr^Tr[^^^^Xr) if a = -1, &{l,r} = 1, 

C(p,.Xr(T[;^^ ^^Xr, i'fc(j^jXi) if a = -1, 6{i .,.} = -1, 

Cipq^q'^l^^^^Xg, p.X.T^I^^jX,) if = 1, 

C{prXral^^ ^^Xr, p^X^T^^^^^ Xg) if = -1, 

/(T, a, {A;{g,r}, ^{g,r}, &{g,r}}{g,r}eT, C) 



^fc{9,r}>'{g,r}>^'{q,r} / 



$GS„+i(r) 
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n+1 



n^fc{l,r},«{l,r-},6{l,r.}/ xTT TT g, r} , W} '''{9,r-} / N 

{l,r}GLi(T) 9=2{9,r}GLi(T) 

) 



n+1 



s=2 



4,3=0 ' 
V3e{l,--,n+l} 



^fc{l,r},'{l,r},6{l,r}/ X 

'^{l,r},a 

-{di 
-{dl 

{q,r} y-'^q-^q-i ■'^r-^r) 





if 


a — 


1, b{i^r} = 1, 




if 


a — 


1, &{l,r} = -1, 


if 


a = 


-1, ^{l,r} = 1, 




if 


a = 


-1, ^{l,r} = -1, 



,^9 



-((9/(9^ 
-{d/d^ 



{q,r} 



){d/di/j 



{q,r-} 



{9,'-} 



) if b{g^r} = 1, 

) if hg,r} = -1- 



By the translation invariance and the periodicity of C{p:x.ax,'r]yTy) with respect to 

x,y e r, 

^ VoTree{n+l,C:V^X,X))\ _ 

I A — 



dX 



Fl{xi, X2a;2, ■ ■ ■ , X^+iXn+l), 



(D.8) 



where 



Fi,(a;i, xa^a, • • • , x„+ia;„+i) : 
/ 

n+1 

E E n 

ae{l ,-l}TeT„+i i=2 i pj.e{l,2,3} 



3 3 3 3 

e{t,4-} 



n 



E E E c,';:4:."""'""(-'.-'-') 



{l,r}eL\{T) \A;{l,r}=l '{l,r} = l fe{i,r}e{i -1} 



n+1 



■n n E E E <^,r'"'""""'(o-..=^^') 

<?=2 {g,r}eLi(T) \fc{,,,}=l i{,,,}=l 6{q,r}e{l -1} 
• a, {A;{g,r}, ^{g,r}, ^{g,r}}{g,r}eT, C), 

^fc{l,r},'{l,r-},6{l,r-}/ N 

{l,r},a ^^^1, J^^r-X^J 



(D.9) 



r 



if a = 


1, 


h{l,r} = 


1, 


if a = 


1, 


b{l,r} = 


-1, 


if a = 


-1, 


b{l,r} 


= 1, 


if a = 


-1, 


b{l,r} 


= -1 
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Though we do not exphcitly write for simphcity, we should remark that the dependency 
of f{T,a,{k{g^r},kq,r},b{g^r}}{q,r}eT,C) ou the variables Xi G [0,(3)h, ixj,Xj) E T x 
[0, P)h {j = 2,--- ,n + 1) in dHl]) is different from that in flDTj) . 
For si G [0, 13), (xj, Sj) G x [0, /3) (j = 2, ■ ■ ■ , n + 1) set 

FL,h{si, X2S2, ■ ■ ■ , x„+is„+i) := Fl{xi, X2X2, ■ ■ ■ , x„+ix„+i), 

where Xj G [0,f3)h satisfies that Sj G [xj,Xj + h"^) (Vj G {1, ■ ■ ■ ,n + 1}). Since 
(x,?/) C{p:Kax,ri-yTy) is continuous a.e. in [0,/3)^, 

lim X2S2, ■ ■ ■ , x„+is„+i) = X2S2, ■ ■ ■ , x„+is„+i) 

hg2N/;3 

for a.e. (si, S2, ■ ■ ■ , s„+i) G [0, /S)""*"^, and thus 



d 

hm -^VoTreein +l,C, V(A,A)) 

he2N//3 



A=0 



rl3 "+1 / /•/? 

lim / ds, n / ds, J2 

he2m/0 "'U j=2 y^ Xjel 

,X2S2, ■ ■ ■ ,X, 

"^0 j=2 x,Gr/ 



Flm(Si, X2S2, ■ ■ ■ , Xn+iSn+i'; 



Lemma fD.ll (luj) implies that limL_^oo,LgN X2S2, ■ ■ ■ ,x„+is„+i) exists for any 
51 G [0,/3), (x„s,) GZ2 X [0,(3) (j =2,-'-- ,n+l). 

By Lemma ED®, (iSl) and the fact that \Mat{T,^,s)u,v\ < 1 (Vm,^; G {I,-- - ,n + 
1}) (see the proof of [HI Lemma 4.5]) there exists c{n,T, Emax, (3) > depending only 

on n, T, Emax and (3 such that |/(T, a, /{<?,r}, &{g,r}}{g,r}eT, C)\ < C{n, T, Emax, (3) 

for a.e. (si, ■ ■■ , G [O,/?)"^^. Therefore, by setting Umax '■= niax{|f/c|, |f/o|} and 
using Lemma ID. II , 

Ixje{-LL/2J -LV2j+l,-,-LV2j+i^-l}2 {ViG{2,---,n+l})|-pL(Sl,X2S2, • • • ,X„+iS„+i)| 



TGT„+i {l,r}eLj(T) + Z^p=l I V^r , 6, 



3 

■p/ I 



n+1 

9=2 {q,r}GLi(T) ^ + (^) 5^p=l I (^i"' ^p) P 
n+1 



i=2 + UJ Z^p=i ^p/l rgT„+i 

for a.e. (si, • ■ ■ , s„+i) G [0, and any x^- G (j = 2, ■ ■ ■ , n + 1). The right- 

hand side of ( ID.lOp is in L^{[0,(3) x (Z^ x [0, /?))"). Thus, the dominated convergence 
theorem proves that 



d 

hm hm ^VoTree{n + 1, C, V(a,a)) 

LeN he2N/,9 



A=0 



Lew ■'U j=2 y^ XjeZ2/ 



LL/2J -Li/2J + 1,- -[L/2J+L-1}2 {Vje{2,---,n+l}) 
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X2S2, ■ ■ ■ , X„_|_iSn+i) 



/ ^-^in I / dsj ^ Ikn Fl(si,X2S2, ■ ■ ■ ,x„+is„+i; 



This implies the existence of fID.Sp for G N and completes the proof. □ 



Notation 

Parameters and constants 



Notation 


Description 


Reference 


L 


size of lattice of the position variable 


Subsection |1.2| 


t 


hopping amplitude 


Subsection |1.2| 




coupling constant on the Cu sites 


Subsection |1.2| 


Uo 


coupling constant on the sites 


Subsection ll.2l 


a a 


spin-dependent on-site energies 


Subsection ll.2l 


(^e{t4}) 








proportional to the inverse of temperature 


Subsection |1.2| 




max^g{^,l}{l, \e% \el\} 


beginning of Section [2] 




same as (pj, xj, aj), (%,yj,fj) (j = 1,2), 


beginning of Section [2] 


(J = l,2) 


fixed sites to define the correlation function 




h 


step size of the discretization 


beginning of Section [2] 




of [0,/3), 

6L'^f3h, cardinality of I^^h 




NL,h 


beginning of Section [2] 


Ai, A_i 


used to modify the interaction 


Subsection l2.3l 


c 


generic constant depending 
only on a fixed smooth function 


beginning of Section [3] 


M 


parameter to control the size of the support 
of the cut-off function 


Subsection |3.1| 


Nh 


Llog(2/i)/log(M)J 


Subsection l3.1l 




max{[log(l//3)/log(M)J+l,l} 


Subsection l3.1l 


Co 


constant depending on M and /3 




a 


additional parameter used 
in the multi-scale integration 


before Proposition |4.1| 



Sets 



Notation 


Description 


Reference 


r 


[Z/LZf 


Subsection 11.21 


[0,/3)h 


{0,l//i,--- ,/3-1/M 


beginning of Section |2] 




{-/3,-/3 + l//i,--- ,-l/Mu[0,/3),. 
(^Z/(27rZ))2 

{u e 7r(2Z+ l)//3 1 < nh} 


beginning of Section |2] 


r* 


beginning of Section |2] 


Mh 


beginning of Section |2] 


lL,h 


{l,2,3}xrx{t,i}x [0,/3)^ 


beginning of Section |2] 


lL,h 


Il,^,x {1,-1} 


Subsection |4.1| 




subset of I'^f^ 


Subsection |4.1| 


D small 


subset of C"^ 


Subsection 14.21 


Dr 


subset of C 


Subsection |4.2| 
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Functions 



Notation 


Description 


Reference 




used to specify the domain 


beginning of Section [2] 




of analyticity of the covariance 




K-) 


fixed function of spin 


beginning of Section [2] 


C{-r) 


covariance of full scale 


Subsection 12.21 


Xi{-) 


cut-off function of Z-th scale 


Subsection 13.11 


Ci{;-) 


covariance of l-th scale 


beginning of Subsection 13.21 



References 

[1] E. Dagotto, Correlated electrons in high-temperature superconductors, Rev. Mod. 
Phys. 66 (1994) 763-840. 

[2] V. J. Emery, Theory of high-Tc superconductivity in oxides, Phys. Rev. Lett. 58 
(1987) 2794. 

[3] J. Feldman, H. Knorrer and E. Trubowitz, Fermionic functional integrals and the 
renormalization group, CRM monograph series No. 16 (American Mathematical 
Society, Providence, RI, 2002). 

[4] A. Giuliani and V. Mastropietro, The two-dimensional Hubbard model on the 
honeycomb lattice. Comm. Math. Phys. 293 (2010) 301-346. 

[5] A. Giuliani, V. Mastropietro and M. Porta, Universality of conductivity in inter- 
acting graphene. Comm. Math. Phys. 311 (2012) 317-355. 

[6] Y. Kashima, A rigorous treatment of the perturbation theory for many-electron 
systems. Rev. Math. Phys. 21 (2009) 981-1044. 

[7] Y. Kashima, Exponential decay of correlation functions in many-electron systems, 
J. Math. Phys. 51 (2010) 063521. 

[8] T. Koma and H. Tasaki, Decay of superconducting and magnetic correlations in 
one- and two-dimensional Hubbard models, Phys. Rev. Lett. 68 (1992) 3248. 

[9] W. Pedra and M. Salmhofer, Determinant bounds and the Matsubara UV problem 
of many-fermion systems. Comm. Math. Phys. 282 (2008) 797-818. 

[10] M. Salmhofer and C. Wieczerkowski, Positivity and convergence in fermionic 
quantum field theory, J. Stat. Phys. 99 (2000) 557-586. 



58 



